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SIGNAL PROCESSING AND IMAGE RECONSTRUCTION FOR 
SCANNING TOMOGRAPHIC ACOUSTIC MICROSCOPY 

Richard Y. Chiao, PhD. 
Department of Electrical and Computer Engineering 

University of Illinois atUrbana-Champaign, 1990 

With the advent of high-speed and specialized computers, computed imaging has gained 

prominence. This thesis is on the application of signal and image processing techniques to 

address the problems of resolution and noise in the Scanning Laser Acoustic Microscope 

(SLAM). The SLAM was developed for high-resolution, real-time imaging in biomedical tissue 

analysis and nondestructive testing. Because of diffraction and the overlapping of depth planes, 

the SLAM is limited in its ability to image specimens with significant complexity in the depth 

direction. The Scanning Tomographic Acoustic Microscope (STAM) was proposed to overcome 

the limitations of the SLAM through the use of holography and tomography. The main objective 

of the present research is to implement the STAM to demonstrate feasibility and reconstruction 

improvement 

Implementation of the STAM is complicated by two categories of problems: phase errors in 

the detected wavefield and misalignment of the tomographic projections. Phase errors are a 

significant source of degradation in the tomographic reconstruction. Two types of phase errors 

are identified and modeled, and algorithms are derived for their correction. For multiple-angle 

tomography, projection registration and alignment are also important. The problems of pose 

estimation and nonuniform sampling of the tomographic projections are addressed. The general 

approach to solving these implementation problems is one of modeling and estimation, where 

the desired quantity is modeled in the projections, and a procedure is derived to estimate the 

quantity reliably from the known data. Experimental data are used to verify the results. 
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By addressing the implementation problems, tomographic reconstructions have been 

obtained which demonstrate feasibility of the STAM and improvement over the SLAM. The 

reconstruction improvement is interpreted in terms of resolution enhancement and noise suppres

sion. Finally, a quantitative imaging technique which images the propagation velocity is 

developed for the STAM. Velocity imaging is equivalent to imaging the phase of the detected 

wavefield, which yields the velocity information given the data acquisition geometry. Besides 

providing a method for quantitative imaging, this algorithm also allows the phase to be used for 

image interpretation. Experimental results using both synthetic and biological specimens are 

used to demonstrate the algorithms. 
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CHAPTER 1. 

INTRODUCTION 

1.1 Background on Acoustic Imaging 

Acoustic imaging is the use of vibrational energy to obtain information about an unknown 

object for image formation, or simply "seeing with sound." Today, acoustic imaging is used in 

nondestructive testing, medical diagnosis, and seismic exploration, to mention only a few major 

areas. Acoustic energy, depending on the imaging application, may possess certain advantages 

which motivate its use over other forms of radiation, such as x-ray, microwave, light, or thermal 

energy. One potential advantage is the ability to propagate acoustic waves through materials that 

are opaque to other forms of radiation. The propagation speed of sound is much slower than 

some of the other forms of radiation, so that high resolution (small wavelength) can be obtained 

with relatively low frequency. When applied to living biological tissues, acoustic energy is con

sidered safer than many other forms of radiation (e.g., x-ray). Also, the mechanical wave gives 

physical information about the imaged medium that may be unavailable from other modalities. 

The beginning of acoustic imaging technology is generally attributed to P. Langevin, who 

developed the sonar (SOund NAvigation Ranging) system during World War I [1]. Another 

pioneer in acoustic imaging is S. J. Sokolov, whose work spanned a period of 30 years starting in 

1920 [2]. Unlike Langevin, who was interested in large-scale oceanic imaging, Sokolov was 

interested in detecting small flaws in various objects. Sokolov conceived of the "ultrasonic 

microscope" which operated at 3 GHz and would be capable of resolving minute particles, but 

practical problems associated with high frequency generation prevented him from implementing 

the microscope. Sokolov also experimented with visualizing the acoustic field by reflecting 
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collimated light off of an oil film on the medium containing the acoustic field. The acoustic field 

perturbs the oil film which imparts a phase modulation on the reflected light The phase varia

tion in the reflected light can then be visualized by phase-contrast or interferometric methods. In 

another experiment, Sokolov used acoustic energy to diffract light by shining collimated light 

through a container of turpentine which is insonified by an acoustic plane wave. The acoustic 

wave perturbs the refractive index of the turpentine and effectively forms a diffraction grating 

for the light beam. This is essentially the principle behind the present-day Bragg cell which is 

used for scanning laser beams. 

With the invention of holography by D. Gabor in 1948, acoustic imaging gained new 

impetus. Holography is concerned with the problem of wavefront reconstruction [3]. In optical 

processing, the phase of the wavefront is difficult to capture because of the high frequency of 

optical waves. Gabor's breakthrough is the ability to capture the phase information in the inten

sity of the recorded wavefield by using a reference wave to form an interferogram. Subse

quently, the optical wave can be reconstructed to show the now familiar (but still amazing) 3-D 

images. Applications of holography are numerous: from interferometry to coherent optical data 

processing to embossment on credit cards. 

Following the development in optics, acoustic holograms also appeared [4]. Acoustic holo

grams can be obtained by using a reference wave to form an interferogram as in optical process

ing. However, unlike the optical hologram, which can be recorded conveniently on photo

graphic film, the acoustic hologram had no direct method to be recorded. One method devised 

by Korpel et al. is that of scanning a laser beam over a reflective interface in the medium con

taining the acoustic wave [5,6]. Another difference between the detection of optical and acous

tic waves is the availability of linear receivers (capable of detecting space and time variation) in 
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acoustics. By detecting the amplitude and relative phase of the acoustic wavefield in an aper

ture, the acoustic wavefield outside the aperture can be obtained from Huygens' Principle (which 

states that a wave front propagates as the superposition of a continuum of point sources along the 

wave front); thus, the generation of the interferogram by using a reference wave is bypassed [4]. 

Tomography, which literally means "slice representation," was the next quantum advance 

in imaging theory. The central problem in tomography is that of reconstructing an object from 

its projections. By combining the information from several views of the same object the tomo

graphic reconstruction is usually a better representation of the object than the single-view recon

struction. In diagnostic x-ray imaging, the classical problem is image degradation due to the 

overlapping of range planes. In essence, the x-ray image is a shadow-graph, where all the range 

information is lost By combining the information in several shadow-graphs obtained from dif

ferent perspectives, depth information can be recovered, and a volume image can be recon

structed. J. Radon in 1917 laid the mathematical foundation for reconstruction from straight 

path, or line integral, projections in the Radon transform [7], which implies that an object can be 

recovered from its line projections over a range of 180°. 

Tomography was first applied in diagnostic x-ray imaging as early as 1921 in the form of 

focal-plane tomography [8]. In focal-plane tomography, the x-ray emitter and film are both 

translated over time such that only one planar region in the object is in focus for the entire dura

tion (see Fig. 1.1). Thus, focal-plane tomography improves the image by blurring the areas that 

are not of interest The advantage of this form of tomography is that only a limited range of pro

jections angles is used, while Radon's formulation requires the full 180°. The trade-off is that 

focal-plane tomography reconstructions are of lower quality because the blurred regions are not 

completely removed and remain a significant source of degradation. Radon's formulation of 
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Translating X-ray Source 

Translating X-ray Detector 

Fig. 1.1. Focal-plane tomography. 

tomography was not implemented until 1956, after the arrival of electronic computers, when R. 

Bracewell imaged microwave emissions of the Sun [7]. Today, the CAT (Computer Aided 

Tomography) scan can generate cross-sectional images of a 3-D body, which provide invaluable 

information for medical diagnosis, nondestructive testing, and seismic exploration. 

Although perfect reconstructions can theoretically be obtained by applying the Radon 

transform, several practical limitations (e.g., the limited number of projections, noise sensitivity, 

efficient algorithm) had to be addressed before tomography could be deemed useful [9]. The 

Fourier projection theorem states that the Fourier transform of a projection gives the values of 

the Fourier transform of the object along one line through the origin [7,9]. Thus, one method for 

tomographic reconstruction involves using the Fourier transform of the projections to fill the 

Fourier space of the object and then inverse Fourier transforming to recover the object Direct 

implementation of Fourier reconstruction requires the tedious interpolation of samples from a 
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polar raster to a rectangular grid in order to use the FFT for Fourier inversion [7,9,10]. The 

efficient implementation of this algorithm is the Convolution Back-Projection algorithm which 

avoids interpolation by performing the reconstruction in the space domain [7,9,10]. Alterna

tively, if the object is represented by uniformly spaced samples, the tomographic reconstruction 

problem can be considered as one of solving a set of linear equations to determine the unknown 

sample values. This latter method is known as the Algebraic Reconstruction Technique (ART) 

[9,11]. Most present-day x-ray tomography machines in clinical use employ the CBP method 

which is more computationally efficient than the ART method. 

When acoustic or microwave energy is used instead of x-rays, the effects of diffraction 

must be taken into account The problem in diffraction tomography amounts to inverting the 

wave equation. By using the Green's function approach, the scattered wavefield can be written 

as a Fredholm equation of the second kind [12]. This equation cannot be solved directly, but by 

invoking the Bom approximation, the scattered wavefield can be expressed in terms of the 

incident wavefield and object, and an inversion formula can be obtained [8,12]. The first-order 

Born approximation is a weak scattering assumption that eliminates multiple scattering and 

linearizes the scattering process. Alternatively, the Rytov approximation, also a weak scattering 

approximation under slightly different assumptions, can be used to obtain an inversion formula 

[8,12]. 

There are several parallels between straight path and diffraction tomography. Correspond

ing to the Fourier projection theorem for straight path tomography, the Fourier diffraction 

theorem for diffraction tomography states that the Fourier transform of a projection, under the 

Born or Rytov approximation, gives the values of the Fourier transform of the object along a 

semicircular arc through the origin [8,12]. Corresponding to the Convolution Back-Projection 
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algorithm for straight path tomography, the Convolution Back-Propagation algorithm has been 

derived for diffraction tomography [13]. However, unlike the Convolution Back-Projection 

algorithm, the Convolution Back-Propagation algorithm does not possess a clear computational 

advantage over direct Fourier inversion [14]. Also, 360° of projection data are needed for tomo

graphic reconstruction of the object Because of its increased complexity, diffraction tomogra

phy has not (yet) found the success in terms of practical applications that straight path tomogra

phy has. 

1.2 Previous Work and Motivation 

An acoustic microscope is a high-resolution acoustic imaging system for exarnining small 

specimens. In general, the primary objective of an acoustic imaging system is to provide a 

detailed and faithful representation of the specimen being imaged. Ideally, a quantitative 

representation of some acoustic parameter, such as propagation speed or attenuation, is desir

able. However, when quantitative reconstructions of the specimen cannot be obtained, a qualita

tive representation of the inhomogeneities within the specimen is also often useful. To obtain a 

detailed and faithful representation of the specimen, an imaging system must consider resolution 

and noise. The resolution of an imaging system is generally defined by the width of its point 

spread function, which is the ideal (noiseless) reconstruction of a point target An imaging sys

tem with high resolution but suffering from noise contamination is as equally useless as a system 

with low resolution and great noise suppression. Thus, an effective imaging system requires 

both resolution and noise to be considered. 

Resolution can be divided into two complementary classes: range resolution and azimuthal 

(cross-range) resolution, where the terminology originated from radar systems. Range resolution 
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is obtained along the direction of wave propagation, and azimuthal resolution is perpendicular to 

the direction of wave propagation. Traditionally, range resolution is obtained by pulse-echo 

methods, and azimuthal resolution is obtained from the width of the acoustic beam at the target 

location. Consequently, range resolution is determined by the pulse width, and azimuthal resolu

tion is determined by the aperture size. In general, resolution is inversely related to the acoustic 

wavelength; thus, resolution can always be improved, theoretically, by increasing the transmis

sion frequency. In practice, however, the useful frequency range is limited by the signal-to-

noise ratio, since signal attenuation increases with frequency. 

With the advent of high-speed computers, computed imaging has gained prominence. 

Computed imaging employs the full gamut of digital signal processing techniques to bear on the 

problems of resolution and noise. An example that comes immediately to mind is diffraction 

tomography, in which resolution is improved, not by increasing the transmitted frequency, but 

by effectively forming an extended, or synthetic aperture from several views of the object The 

focus of the present research effort is on the development and application of such signal process

ing techniques for a particular acoustic imaging system: the Scanning Laser Acoustic Micro

scope (SLAM). 

The SLAM was developed in the early 1970s for high-resolution, real-time imaging in non

destructive testing and biological tissue analysis [15]. The SLAM uses continuous-wave (CW) 

insonification and operates in the transmission mode. The specimen to be imaged is placed in a 

homogeneous acoustic-coupling medium (typically water), and the transmitted acoustic wave is 

detected using a scanned laser. The laser is scanned at thirty image frames per second using a 

Bragg cell, and the intensity of the acoustic wave is displayed as the SLAM image. Specimens 

suitable for SLAM imaging generally have a thin and flat shape with low acoustic attenuation to 
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allow direct signal transmission. Objects which have been imaged with some degree of success 

include computer chips, ceramic capacitors, and biological samples. 

At an operating frequency of around 100 MHz, the SLAM can achieve high resolution in 

the azimuthal direction; however, the depth (range) resolution of the SLAM is poor. The fact 

that the SLAM even has some ability to distinguish between objects at different depths (keep in 

mind that the SLAM uses continuous wave insonification) is due to diffraction, which blurs 

objects which are away from the detection plane. The primary problem with this "natural" form 

of range resolution is the inability to resolve object planes at arbitrary locations in the depth 

direction since the closest plane is always in best focus. If the closest plane is not at the detec

tion plane, then "best focus" does not mean much. If the closest plane is at the detection plane, 

the reconstruction is still degraded by the contribution from the other (blurred) planes. Conse

quently, the SLAM can obtain high quality images only of thin specimens (relative to the 

wavelength) placed close to the detection plane. 

Lee et al. [16] first proposed the Scanning Tomographic Acoustic Microscope (STAM), 

which uses holographic and tomographic processing to overcome the image degradation experi

enced by the SLAM. Essentially, holographic processing is used to eliminate the effects of dif

fraction, while tomographic processing is used to sort out the depth planes. Both reconstruction 

schemes require the detection of the phase in addition to the magnitude of the acoustic 

wavefield. To this end, Lin et al. [17] proposed replacement of the SLAM receiver with a qua

drature receiver, which was implemented by Ricci [18]. The magnitude component of the 

detected wavefield is identical to the SLAM image; however, the phase component is new infor

mation not used by the SLAM. Holographic reconstruction was completed by Lee et al. [18] and 

Lin et al. [19]. Holographic reconstruction is capable of resolving a single plane at an arbitrary 
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location in the depth direction, but it is insufficient to resolve multiple depth planes spaced 

closely together. 

Tomographic reconstruction using multiple projections is necessary to resolve multiple 

depth-planes. Lee proposed the Back-and-Forth Propagation (BFP) algorithm as an efficient 

method for tomographic reconstruction of planar layers from limited-angle projections [16]. Lin 

showed that the BFP algorithm is a limited-angle, limited-aperture version of the filtered back-

propagation algorithm [20]. Lin also obtained the point spread function of the BFP algorithm 

and showed through simulations that the STAM can greatly improve SLAM images [21]. 

Meyyappan [22] performed simulations to study the sensitivity of the BFP algorithm to errors in 

the alignment of the projections, and Chen et al. studied the reconstruction error due to limited 

projection angles [23]. Chen [24] and Lee [25] separately obtained the optimal insonification 

angles for data acquisition. Mueller et al. [26,27] examined the effect of mode conversion on the 

acoustic detection process. Grant et al. [28] and Embree et al. [29] have used the SLAM in the 

interference mode to extract acoustic velocity information. 

1.3 Problem Statement and Overview of the Thesis 

The objective of the present research is to obtain tomographic reconstructions by imple

menting the STAM to show feasibility and improvement over the SLAM As discussed in the 

previous section, much of the theoretical basis for the STAM has already been established. 

However, all too often, algorithms that work well on synthetic data fail when applied to experi

mental data. One emphasis in the present work is the use of experimental data whenever possi

ble to demonstrate the algorithms. The major results in this thesis are (1) solutions to implemen

tation problems (to be described), (2) experimental reconstructions for multiple-angle and 



10 

multiple-frequency tomography, and (3) demonstration of a new quantitative imaging method 

for the STAM. Other results include the interpretation of the BFP reconstruction as the superpo

sition of holographic reconstructions, which allows a direct comparison between the resolution 

of holography and tomography and a qualitative understanding of how the BFP algorithm works. 

Implementation problems for the STAM can be categorized into two classes: (1) phase 

errors in the complex projections, and (2) projection registration and alignment. The resolution 

improvement of the STAM is directly related to the detection of the phase component of the 

received wavefield. Consequently, the STAM is very sensitive to phase errors in the tomo

graphic projections. Two types of phase error are shown to exist: the quadrature phase error and 

the initial phase error. The phase errors are modeled in the received wavefield, and algorithms 

are derived for their correction. Experimental results are shown to demonstrate the algorithms. 

The STAM can operate in multiple-angle or multiple-frequency mode. Both the multiple-

angle and the multiple-frequency tomography suffer from phase errors in the received wavefield. 

For multiple-angle tomography, an additional complication is the necessity to rotate the speci

men instead of the transducer, thereby requiring projection registration and alignment In pro

jection registration, the relative positions of the projections are estimated. Once the relative 

positions of the projections are found, alignment can be accomplished simply by rotating and 

translating the projections. The alignment process is complicated when the sample spacing of 

the acoustic wavefield is not identical in the x- and y-directions. The nonuniform sampling dis

torts the projections relative to each other such that exact alignment cannot be achieved. Algo

rithms to estimate the relative position between two projections and to estimate the sampling 

ratio are derived. The performance of the algorithm to estimate the sampling ratio in the pres

ence of noise is studied. 
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The most convincing demonstration of any imaging system are the images it produces. In 

the past only holographic reconstructions of single-layer specimens had been obtained. By 

addressing the phase and alignment problems associated with implementation of the STAM, 

high-quality tomographic reconstructions are obtained, m this thesis, multiple-frequency and 

multiple-angle tomographic reconstructions of single-layer and multiple-layer specimens are 

presented. The tomographic reconstructions are compared with SLAM and holographic recon

structions, the theoretical resolution improvement is examined, and a qualitative interpretation of 

how the BFP algorithm works is presented. 

The capability of obtaining quantitative images of acoustic parameters is a basic goal of 

acoustic imaging. Quantitative imaging of the acoustic propagation velocity using the SLAM 

has been of interest Previous methods utilize the SLAM in interference mode to obtain an inter

ferogram, from which the velocity information is extracted [28,29]. The drawback with this 

method is the low resolution due to the limited number of interference fringes. We present a 

method to obtain high-resolution quantitative velocity images using the STAM. This method is 

applied to image the velocity distribution of both synthetic materials and biological tissue speci

mens. 

Chapter 2 discusses the STAM data acquisition system and holographic reconstruction. 

Chapter 3 discusses the BFP algorithm and tomographic reconstruction for the STAM. Chapter 

4 is devoted to the modeling and correction of phase errors in tomographic projections. In 

Chapter 5, the problems of projection registration and alignment are addressed. Experimental 

results for the multiple-frequency and the multiple-angle tomography are presented in Chapters 

4 and 5, respectively. Chapter 6 presents the quantitative velocity imaging algorithm, and 

Chapter 7 contains the conclusions. 
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A note on the notation observed throughout this thesis: Vectors and matrices are denoted by 

lower- and upper-case bold letters, respectively. Individual elements of vectors and matrices are 

denoted using subscripts. The identity matrix is denoted by I, and superscript T denotes matrix 

transpose. Conjugation is denoted by an overhead bar. The Fourier transform operator is 

denoted by F, and E denotes statistical expectation. The notation j = V^l is used. 
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CHAPTER 2. 

DATA ACQUISITION AND HOLOGRAPHIC RECONSTRUCTION 

As described in Chapter 1, SLAM images are degraded by the superposition of diffraction-

blurred depth planes. The STAM seeks to circumvent these limitations by using the concepts of 

holography and tomography in the BFP algorithm. Holography is used to remove the effects of 

diffraction, and tomography is used to isolate the depth-plane of interest This chapter describes 

the data acquisition system of the STAM and formulates the back-propagation algorithm for 

holographic reconstruction. The BFP algorithm presented in Chapter 3 builds upon the concept 

of holographic reconstruction, which will be shown to be a special case of BFP reconstruction 

(Section 3.2). 

Section 2.1 describes the STAM data acquisition system, which is based on the SLAM 

modified with a quadrature receiver. As the SLAM is described, it is interesting to note that 

several of Sokolov's ideas are embodied in the SLAM. Section 2.1 also models the received 

wavefield by using the plane-to-plane propagation transfer function. Holographic reconstruction 

by back-propagation is presented in Section 2.2. Finally, experimental reconstructions are 

shown to illustrate holographic reconstruction and to motivate tomographic reconstruction. 

2.1 Data Acquisition 

Figure 2.1 shows the data acquisition system of the STAM, which consists of the SLAM 

system modified with a quadrature receiver [17]. The left side of the diagram shows two oscilla

tors at frequencies fi and f% which are approximately 66 MHz and 33 MHz, respectively. The 

sum frequency of 100 MHz is bandpass filtered and fed into the acoustic transducer which gen

erates the plane waves u(x,y,z). The incident angle of the plane wave is about 8 = 45° in the 
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quartz material; however, the plane waves refract to about 6 = 10° upon entering the water cou

pling medium in which the specimen t(x,y,zrj) is immersed [30]. The transmitted acoustic 

wavefield v(x,y,zo) propagates to the coverslip at z = zi, where the acoustic wavefield is detected 

by a scanned laser. The coverslip is a plastic block with one mirrored surface, with the plastic 

material chosen to have a large acoustic attenuation to eliminate acoustic reflections. The laser 

optics (not shown) includes a Bragg cell to scan the laser beam over a 3 mm by 2.81 mm region 

on the coverslip to detect the acoustic wavefield. At each location on the coverslip, the laser is 

angularly modulated by undulations in the mirrored surface of the coverslip [6]. The angular 

modulation containing the wavefield information is converted into an intensity modulation by 

placing a knife-edge to partially block the reflected laser beam. The intensity modulated laser 

beam is detected with a photodiode and converted to an electrical signal which is processed and 

fed into the quadrature receiver. The dual output of the quadrature receiver is digitized for com

puter processing. Effectively, the complex wavefield in the 3 mm by 2.81 mm aperture is digi

tized into a pair of 256 x 240 pixel images, with each pixel represented by 6 bits. 

To model the received wavefield, we make use of the concept of plane-to-plane propaga

tion [31-33]. The propagation of a plane wave is characterized simply by a phase shift which is 

proportional to the propagation distance. To characterize the propagation of an arbitrary 

wavefield from one plane to another, the wavefield is decomposed into an (infinite) number of 

plane waves traveling in different directions, and each plane wave is propagated by the appropri

ate phase shift. The propagated wavefield can then be obtained by recombining the propagated 

plane waves. The decomposition of an arbitrary wavefield into plane waves is accomplished 

simply by the Fourier transform, in which each (spatial) frequency corresponds to a plane wave 

propagating in a particular direction. Similarly, the recombination of the plane waves is 
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accomplished by the inverse Fourier transform. Thus, the propagation process is simply a linear 

filtering operation. 

The derivation for the plane-to-plane propagation transfer function follows that of Good

man [34, pp. 50]. We start by writing the wavefield u(x,y,zn) at a plane z = zo in terms of its 

Fourier transform 

u(x,y,zo) = jj U(f*,fy;zo) exp[j2it(fxx + fyy) ] dfxdfy. (2.1) 

The equation for a plane wave propagating with spatial frequencies fx, fy is given by 

exp[j2rc(fxx + fyy + fzz) ], where fx, fy, and fz satisfy the dispersion relation fx
2 + fy

2 + fz
2 = ^ - . 

Thus, Eq. (2.1) can be considered as the representation of an arbitrary wavefield by the superpo

sition of plane waves with spatial frequencies from -°* to °°, including evanescent waves. The 

wavefield u(x,y,z) at a plane z > ZQ is given by 

u(x,y,z) = J J U(fxf y;z) exp[j2%(fxx + fyy) ] dfxdfy (2.2) 

and satisfies the homogeneous wave equation 

V2u + (^- )2 u = 0. (2.3) 

The solution to Eq. (2.3) with the boundary condition imposed by Eq. (2.1) is given by Eq. (2.2) 

with 

U(fx,fy;z) = U(fx,fy;zo) exp[ j2%(z - z<>WlA2 - fx
2 - fy

2 ], (2.4) 

and exp(-jcat) time convention is assumed for propagation in the +z direction. Thus, the 
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propagation transfer function from a plane z = zn to z% > zo, is given by 

H(fx,fy;Zl -zo) = exp[ j2it(Zl - zoWlA2 - fx2 - fy2 ]. (2.5) 

When fx
2 + fy

2 is less than i , the wavefield at z = z% is related to the wavefield atz = z@ 

simply by a phase shift for each Fourier component of the wavefield. However, when fx
2 + fy

2 is 

greater than - i , H is an exponentially decaying factor. The former case corresponds to pro

pagating waves, while the latter case corresponds to evanescent waves. When fx
2 + fy

2 = - i - , 

fz = 0, thus the wave propagation vector is only in the x-y plane, and no energy is propagated in 

the z-direction. For propagation distances z\ - zrj greater than several wavelengths, the attenua

tion is large enough to assume that the evanescent waves are totally lost Consequently, we use 

the following modified transfer function for modeling wave propagation 

H(fx,fy;zi-zo) = 
exp[j2jc(z1 - zoWlA2 - fx

2 - f y
2 ] , fx2 + fy2<-£f (2.6) 

0, otherwise. 

The propagation model employed above uses two ideal assumptions. First, the medium in 

which the acoustic waves propagate is assumed to be lossless. In general, the sample is 

immersed in water which has an attenuation coefficient of 0.0022 dB/(cm x MHz) at 20°C. 

Thus, at 100 MHz, it is not unreasonable to model the medium as lossless. The second assump

tion is that the receiving aperture is infinitely large. For the SLAM detection system, the acous

tic aperture is the 3 mm by 2.81 mm region scanned by the laser. The wavelength of a 100 MHz 

plane wave in water is approximately 15 u, thus the aperture is about 200 wavelengths wide. 

Again, the infinite aperture assumption is not unreasonable. 
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Figure 2.2 shows the STAM data acquisition geometry. Notice that Fig. 2.1 corresponds to 

<(> = 0 in Fig. 2.2. In general, the insonification wave can be written as 

u(x,y,z) = uo exprj2tc(fxix + fy$y + friz) ], (2.7) 

where un is the amplitude of the plane wave, f̂ , fy,, and f̂  are the spatial frequencies of the 

plane wave given by 

fxi=sm(y4>) t (2.8a) 

fyi=sin(e^sin(<|>)> (2.8b) 

fzi = « * £ ! , (2.8c) 

and X is the acoustic wavelength. At the object plane, z = zn, the wavefield is modulated by the 

object transmittance t(x,y), and the transmitted wavefield is given by 

v(x,y,zo) = u(x,y,zo)t(x,y). (2.9) 

The transmitted wavefield v(x,y,zo) is given by the multiplication of the incident wavefield by 

the object transmittance function t(x,y,zn). Since the incident wavefield is a plane wave, this 

multiplication corresponds to modulation of the object transmittance function by the spatial fre

quencies of the plane wave. In the Fourier domain, Eq. (2.9) can be written as 

V(fx,fy;Z0) = VQ T(fx - W y - fy,), (2.10) 

where 

v0 = uo exp(j2jtfriZo). (2.11) 

Thus, the transmitted wavefield is proportional to the object transmittance function modulated by 

fxi and fyj. The wavefield v(x,y,z%) detected at the receiving plane is related to v(x,y,zo) by the 

the relation 
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Detection Plane 
at z - z 1 
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at z - z « 

Propagation Vector 
K ^ y 

Fig. 2.2. STAM data acquisition geometry. 
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V(fxfy;zi) = V(fx,fy;z0)H(fx,fy;z1-zo), (2.12) 

where H is the propagation transfer function given by Eq. (2.6). 

2.2 Holographic Reconstruction 

The previous section described the forward process, where the received wavefield is 

obtained in terms of the incident wavefield and the object transmittance function. The present 

section addresses the inverse problem, where the object transmittance function is obtained from 

the received wavefield. Because of the loss of high spatial frequency information, the object 

transmittance function cannot be recovered exactly, and only an estimated transmittance func

tion can be obtained from the given data. The estimation procedure can be broken into two 

steps. From Eq. (2.10), it is clear that if V(fxfy;zo) could be estimated, T(fx,fy) can be obtained 

simply by shifting the frequency indices by f̂  and f̂ , which corresponds to demodulation. 

Thus, the inverse problem can be solved by first estimating the transmitted wavefield, V(fxf y;zo), 

and then performing demodulation. 

Consider Eq. (2.12) for the problem of estimating V0 = V(fxfy;zo) given V% = V(fx,fy;zi), 

where H(fxf y;zi - zn) can be considered to be the mapping 

H:L2-»L! , (2.13) 

where 1% is the set of all complex valued functions with finite energy defined on R2, and 1% is 

the subset of Li that is nonzero only on 

A={(fx,fy):fx
2 + f y

2 ^ ^ } . (2.14) 

The existence and uniqueness of the solution can be inferred from the definition of H above. 
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With noise, V% may not be in if, thus a solution may not exist Traditionally, the least-squares 

solution is used. In addition, the null space of H is not empty, which implies that the least-

squares solution is not unique. To obtain a unique solution, the solution with minimum energy is 

selected. The minimum-norm, least-squares solution to the estimation problem can be obtained 

by using the pseudo-inverse H* which is obtained in Appendix A as 

„+,* * , < expH2K(z1 - zoWlA2-fx
2-fy

2 ], (fx,fy) e A „ _ , 

Ht(fxfy;zi-zo)=] o otherwise. { ' 

Thus, the minimum-norm, least-squares solution is- given by 

V(fx,fy;zo) = V(fxJy;zO Ht(fxfy;Zl - z«). (2.16) 

The pseudo-inverse filtering process given by Eq. (2.16) is commonly known as back-

propagation. Since Eq. (2.6) is the filter for propagating a wavefield from ZQ to zlt H+ can be 

interpreted as propagating the wavefield back from z* to zr> Physically, back-propagation 

corresponds to focusing the diffracted wavefield. 

The estimated transmitted wavefield v(x,y,zrj) can be demodulated by multiplying by the 

conjugate of the incident wavefield at the object plane (see Eq. (2.9)) which requires the incident 

wave to be also available. Alternatively, the demodulation can be performed by estimating the 

spatial frequencies of the incident wavefield from the received wavefield. Substituting Eq. 

(2.10) into Eq. (2.12) and taking the inverse Fourier transform, the received wavefield can be 

written as 

v(x,y,zi) = a(x,y) exp[j2ii(fxix + fyjy) ], (2.17) 

where 

a(x,y)=F-i{ v o T f f ^ H ^ + Wy + fyi; Z l-zo) }. (2.18) 
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Thus, the spatial frequencies of the incident wavefield can be obtained from the spectral peaks in 

the received wavefield. Demodulation can be accomplished simply by shifting the spectrum of 

V(fxfy;zo) by f̂  and fyj to obtain 

P(fxfy) = V(fx+Wy + fyi;zo) (2.19) 

v0T(fxfy), (fxH-fxi)
2+(fy + f y i ) 2 ^ ^ 

0, otherwise. 

The presence of v@ in the estimate shows that the holographic reconstruction contains a constant 

phase offset The constant phase offset is due to the lack of the incident wavefield, and is incon

sequential since only the magnitude image is usually displayed. Reconstruction by 

back-propagation and demodulation is known as holographic reconstruction, which is denoted 

by p(x,y). Fig. 2.3 shows the block diagram for the forward and inverse processes. The forward 

t 
P0RWARO 

INVERSE 

t(x.y) 

Modulation 

Propagation 

v(x,y.z,) 

Back-Propagation 

Demodulation 

t 

P(x.y)-t(x.y) 

Fig. 2.3. Block diagram for the forward and inverse processes. 
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process is implemented by nature, while the inverse process is a holographic reconstruction of 

the transmittance function given the received wavefield. 

Equation (2.19) shows that the reconstructed transmittance function is a low-pass version of 

the original because of the loss of high frequencies during propagation. Figure 2.4 illustrates the 

region of recovered spatial frequencies known as the Fourier aperture. For holographic recon

struction, the Fourier aperture is a circular region centered at the negative of the spatial frequen

cies of the insonification wave, and with radius proportional to the insonification frequency. In 

general, the higher the insonification frequency, the larger the Fourier aperture, and the better the 

resolution. In tomographic reconstruction, resolution is improved by using several projections to 

increase the Fourier aperture. Figure 2.5(a) shows the SLAM image for a honeycomb grid 

located 0.5 mm beneath the detection plane (z* - zo = 0.5 mm). The degradation of the image is 

Fig. 2.4. Fourier aperture for holographic reconstruction. 
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due mainly to diffraction. Figure 2.5(b) shows the holographic reconstruction. For thin speci

mens such as the honeycomb specimen, holographic reconstruction is satisfactory. Unfor

tunately, holographic reconstruction does not perform so well for multiple-layer specimens or 

specimens with variations in the depth direction as shown in the next example. Figure 5.16 

shows the diagram of a three-layer specimen. Figure 2.6(a) shows the SLAM image of the 

specimen, and Figs. 2.6(b),(c), and (d) show the holographic reconstruction for each of the three 

planes. Although the holographic reconstruction for each plane is an improvement over the 

SLAM image, interference from the out-of-focus planes constitutes a major source of image 

degradation. It is clear that for multiple-layer or thick specimens, holographic reconstruction 

does not provide sufficient resolving power, and tomographic reconstruction using multiple pro

jections is needed. 

(a) (b) 

Fig. 2.5. (a) SLAM image and (b) holographic reconstruction for the honeycomb specimen. 
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(a) (b) 

(c) (d) 

Fig. 2.6. Multiple layer specimen, (a) SLAM image. Holographic reconstruction of 
(b) layer 1, (c) layer 2, and (d) layer 3. 
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CHAPTER 3. 

BFP ALGORITHM AND TOMOGRAPHIC RECONSTRUCTION 

The central objective of this research project is to endow the SLAM with diffraction 

tomography capabilities to circumvent the degradation associated with the superposition of dif

fracted depth planes. As seen in the previous chapter, the effects of diffraction can be largely 

removed by holographic processing which is sufficient for thin planar specimens. However, for 

specimens with significant complexity in the depth direction, holographic reconstruction at a 

particular plane is degraded due to interference from the other planes. This degradation can be 

reduced by tomographic processing which uses several projections to form the reconstruction. 

Tomographic reconstruction requires the acquisition of tomographic projections and an 

algorithm to process them. Different tomography systems differ in the ways the projections are 

acquired and in the algorithms used for processing. Tomographic projections are acquired by 

varying some parameter of the insonification wave such as the incident angle or acoustic fre

quency. Often, the range of angles or frequencies available for data acquisition is limited by the 

electronics or geometry of the system. The tomography algorithm uses the projections and phy

sics of the data acquisition to form a representation of the specimen. A quantitative representa

tion in terms of some acoustic parameter is desirable, but often a qualitative representation of the 

inhomogeneity of the specimen is also useful. In general, the reconstruction algorithm may use 

the projections to improve the signal-to-noise ratio (SNR) of the reconstruction or to improve the 

resolution of the system. 

In this chapter tomographic processing for the STAM is examined. Specifically, we discuss 

projection acquisition for the STAM and motivate the BFP algorithm for tomographic recon

struction. The BFP algorithm is an efficient method for tomographic reconstruction of planar 
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layers from limited-angle projections. The computational saving comes from the reconstruction 

of a single plane instead of the entire object, which is attractive if the regions of interest in the 

object are planar layers. The BFP algorithm is a limited-angle diffraction tomography algorithm 

in the sense that it uses a limited range of angles (or frequencies) to estimate the specimen while 

taking into account the effects of diffraction. 

New results in this chapter include the interpretation of BFP tomographic reconstruction as 

the superposition of holographic reconstructions, which allows a direct comparison between the 

resolutions of holography and tomography and a qualitative understanding of how the BFP algo

rithm works. First practical methods for projection acquisition are presented to provide a basis 

for the type of data that are available. Next the BFP algorithm is derived in Section 3.2 as the 

linear, unbiased, minimum-variance estimate of the object transmittance function from multiple 

projections. For the planar incident wave, the BFP tomography algorithm can be shown to be 

equivalent to the superposition of normalized holographic reconstructions. Section 3.3 examines 

the resolution of the BFP algorithm and compares it with that of holographic reconstruction. 

Based on the results of Section 3.3, a qualitative understanding of how the BFP algorithm works 

is presented in Section 3.4. 

3.1 Projection Acquisition 

The STAM supports both multiple-angle and multiple-frequency tomography. For 

multiple-angle tomography, the insonification angle is varied between the projections, while the 

insonification frequency is varied for multiple-frequency tomography [35,36]. In practice, the 

range of angles and frequencies that can be used is very limited. The range of frequencies is 

limited to approximately ±5% of the center frequency (100 MHz) due to the electronics and 
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optics of the system. On the other hand, the range of incident angles is limited by the position of 

the acoustic transducer and the response of the coverslip [30]. The zeros of the coverslip 

response for laser detection occur at normal incidence (6 = 0°) and at the critical angle from 

water to the coverslip (about 9 = 40°). Plane wave components of the scattered wavefield that 

arrive from either of these angles are not detected. This coverslip response determines the effec

tive Fourier aperture of the acoustic detection system. The insonification angle determines the 

location of the dc (see Eq. (2.17)) of the scattered wavefield. If normal or critical incidence 

insonification is used, a significant portion of the low spatial frequencies of the scattered 

wavefield would be lost Consequently, the insonification angle must be located well within the 

zeros of the coverslip response for optimum detection of the wavefield. 

There are two degrees of freedom in the rotation of the transducer for multiple-angle 

tomography (see Fig. 2.2), and each corresponds to a proposed method for data acquisition [21]. 

In the linear scan method, <J> is fixed and 0 is varied, while in the rotational scan method, 6 is 

fixed and 4* is varied (see Fig. 3.1). Analysis has determined that the linear scan method has 

better range resolution but nonuniform azimuth resolution, while the rotational scan method has 

worse range resolution and uniform azimuth resolution [21]. 

Since it is impractical to move the transducer, it is important to consider how the linear 

scan and rotational scan methods can be practically implemented. Projections acquired in the 

rotational scan method are equivalent to projections acquired by rotating the specimen. Thus, 

the rotational scan method can be implemented easily by rotating the specimen instead of the 

transducer [21]. However, the linear scan method cannot be similarly implemented because the 

specimen cannot be rotated out of the x-y plane. This is because the specimens are typically thin 

and flat or mounted on slides, and the propagation distance from the transducer to the coverslip 



(a) 

Object 

^ Transducer 

(b) 

Fig. 3.1. (a) Linear and (b) rotational scans for multiple-angle tomo 
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must be small to maintain the detection SNR. From the above discussion, it is seen that rota

tional scan is more suitable for implementation, and only the rotational scan method is used for 

experimental projection acquisition. 

The rotation of the specimen instead of the transducer in the implementation of the rota

tional scan method is not without consequence. The projections obtained by rotating the speci

men are rotated versions of the desired projections. Consequently, it is necessary to rotate back 

the projections prior to tomographic superposition. The rotation of each projection needs to be 

the reverse of the actual rotation of the specimen for proper alignment Since the actual rotation 

of the specimen is not precisely known, it is necessary to estimate the rotation from the projec

tions. Another consequence of rotating the specimen is sensitivity to how the acoustic 

wavefields are sampled during data acquisition. If the sample spacing is not identical in the x-

and y-directions, then rotation of the specimen will result in projections that are distorted relative 

to each other, and this distortion will significantly degrade the tomographic reconstruction. It is 

possible to calibrate the data acquisition system by estimating the sampling ratio. Subsequently, 

the sampling ratio can be used to resample the projections to uniform grids. These problems 

associated with rotating the specimen are considered in Chapter 5. 

3.2 BFP Tomographic Reconstruction Algorithm 

The BFP algorithm can be derived as the linear unbiased minimum-variance (LUMV) esti

mate of the transmittance function at the plane of interest given the incident wavefield and the 

transmitted wavefield. From Eq. (2.9), the incident and transmitted wavefields at the object 

plane z = ZQ are related by 



vK(x,y,zo) = uK(x,y,Zo) t(x,y) + nk(x,y) k = 12,...M, 
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(3.1) 

where M is the number of projections, and nk(x,y) is the noise term for projection k. For dif

ferent k, either the acoustic frequency is changed for multiple-frequency tomography or the 

insonification angle is changed for multiple-angle tomography. If the x-y plane is rectangularly 

digitized into N samples, then for each k, Eq. (3.1) is a set of N equations in N unknowns. 

Together, the M projections can be written in a matrix equation 

vi(xO 

vi(xN) 
v2(xO 

V2(XN) 

VM(XI) 

VM(XN) 

UI(XI) 0 

0 
U2(Xl) 

0 

UM(XI) 

UI(XN) 
0 

U2(XN) 

0 

t(xi) 
t(X2) 

t(xN) 

+ 

ni(xi) 

HM(XN) 

(3.2) 

0 UM(XN) 

Equation (3.2) can be written in compact notation as 

v = Ut + n, (3.3) 

where v is the MN x 1 vector of the transmitted wavefield, U is the MN x N matrix of the 

incident wavefield, t is the unknown N x 1 vector of the specimen transmittance, and n is the 

MN x 1 noise vector with zero mean. The LUMV estimate of t is given by [37, pp. 86] 

t = (U tR n B - iU)- iU tR n n - iv , (3.4) 

where 

Rrai = £[nHt] (3.5) 
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is the covariance matrix of the noise vector. If the noise samples are independent and identically 

distributed (i.i.d.) with unit variance, the estimate for each element of t can be written as 

J£uk(x,y)vk(x,y) 
t(x,y) = ^ U — (3.6) 

g |ut(x,y)|2 

which is the BFP reconstruction equation [16]. Equation (3.6) is the least-squares estimate of 

the object transmittance function given the incident wave and the transmitted wave at the object 

plane. The BFP algorithm is so named because the wavefields vk(x,y) and uk(x,y) are obtained 

by back-propagating the received wavefield and forward-propagating the source wavefield, 

respectively, to the object plane. 

In general, implementation of Eq. (3.6) requires the knowledge of the incident wavefield 

u(x,y,zo) and of the transmitted wavefield v(x,y,zo). This can be accomplished by recording the 

wavefield with and without the specimen present and then forming the estimates u(x,y,z@) and 

v(z,y,zo) by back-propagating the appropriate wavefields. Alternatively, since the incident 

wavefield is approximately planar in the region of interest, we can use the model of a plane wave 

instead of actually measuring the incident wavefield. Substituting Eq. (2.7) into Eq. (3.6) results 

in 

%x,y) = % r j ^ ^ vk(x,y,zo) exp[-j27c(f^x + f#>y) ], (3.7) 

where f%r and f*' are the spatial frequencies for the incident plane wave corresponding to pro

jection k, and vf) is given by Eq. (2.11). Taking the inverse Fourier transform of Eq. (2.19), the 

holographic reconstruction can be written as 

p(x,y) = v(x,y,zo) exp[-j27t(fxix + fy%y) ]. (3.8) 
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Thus, the BFP algorithm can be implemented as the sum of normalized holographic reconstruc

tions 

t ( x ' y ) =T^Ji^P k ( x ' y ) - (3.9) 

For rotational scan, the normalization constants v^k) are independent of the projections, and can 

be factored outside the summation. The block diagram for the BFP algorithm is shown in Fig. 

3.2 

The characteristic of the noise in Eq. (3.6) is an important consideration in the overall per

formance of the algorithm. For white noise, the algorithm is optimal in the class of linear, 

Quadrature Data 

I 
Back-Propagation 

vk(x.y.z0) 

Demodulation 

Pt(*.Y) 

Normalization 

Suparpoaitlon 

Tomographic Reconstruction 

Fig. 3.2. Block diagram of the BFP algorithm. 
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unbiased estimators [37]. However, the actual noise may be highly correlated due to its depen

dence on the specimen. Assuming the detection system to be ideal, there are three principal con

tributors to the noise term in Eq. (3.6). First, the acoustic signal from planes other than the plane 

of interest is considered as noise. The wavefields u(x,y,zo) and v(x,y,zo) are not detected, and 

they need to be estimated from the detected wavefields. The estimation is imperfect mainly 

because of the loss of high spatial frequencies during propagation; thus, the estimation error is 

another source of noise. Finally, there is the ever-present detection (thermal) noise. 

Equation (3.9) shows that holographic reconstruction is a special case of tomographic 

reconstruction for M= 1. Equation (3.9) also allows a simple interpretation of the BFP algo

rithm in the Fourier domain. From Section 2.3, we know that the Fourier aperture for holo

graphic reconstruction is a circular region centered at (-f ,̂ -fyj), with radius -i- (see Fig. 2.4). 

Since the BFP tomographic reconstruction can be interpreted as the superposition of normalized 

holographic reconstructions, the Fourier aperture for tomographic reconstruction is the superpo

sition of circular regions centered at different locations. For rotational scan, the centers of the 

circular regions are located on a circle of radius .5%=-. For linear scan, the centers of the circular 

regions are on a line through the origin, and for multiple-frequency tomography, both the center 

and radius of the circular regions change for each projection. Figures 3.3,3.4, and 3.5 illustrate 

the Fourier aperture for rotational scan, linear scan, and multiple-frequency tomography, respec

tively, for three projections. In Fig. 3.3, the overlapping region between the projections is 

denoted by B which is the redundant information between the projections. Region B will be used 

in Chapter 4 to estimate the initial phase error. The largest circular subset of B, centered at the 

origin, denoted by C, is used for projection registration in Chapter 5. 
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Wy> 

*> f 

Fig. 3.3. Fourier aperture for rotational scan tomography. 

Wy> 

#- f 

Fig. 3.4. Fourier aperture for linear scan tomography. 
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Fig. 3.5. Fourier aperture for multiple-frequency tomography. 

3.3 Resolution Analysis 

In this section we examine the resolution improvement expected with the BFP algorithm 

using rotational scan. The purpose is to understand how the BFP algorithm uses the projections 

to improve the reconstruction. The improvement of tomographic reconstruction over holo

graphic reconstruction can be attributed to improvement in resolution or SNR or both. In gen

eral, the improvement in azimuthal resolution can be attributed to the additional spatial frequen

cies recovered in tomographic processing. Comparing Fig. 3.3 and Fig. 2.4, it is seen that addi

tional spatial frequencies are gained by the use of tomography. To quantify the gain in resolu

tion, closed-form expressions for the point spread function of the holographic and tomographic 

reconstructions are derived. 
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Following the development in Chapter 2, we write the incident wavefield as 

u(x,y,z) = uo exp[j27c(fXiX + fyjy + f^z) ], (3.10) 

where f̂ , fy,, f̂  are the spatial frequencies of the plane wave given by Eq. (2.8). The transmit

ted wavefield at the object plane is given by 

v(x,y,zo) = u(x,y,zo) t(x,y) (3.11) 

=v0 t(x,y) exp[j2jc(fxix + fyiy) ]. 

The received wavefield is given by 

v(x,y,zi) = Jj V(fxfy;zo) H(fxfy;zi - ZQ) exp[j2^(fxx + fyy) ] dfxdfy, (3.12) 

where H(fx,fy;zi - zo) is the propagation filter given by Eq. (2.6). Following Fig. 3.2, the first 

step in the reconstruction algorithm is to back-propagate the received wavefields to the plane of 

interest 

v(x,y,zo) = J j V(fxfy;zi) Ht(fxfy;2l - zrj) exp[j2%(fxx + fyy) ] dfxdfy (3.13) 

= Jj n(fx,fy) V(fxfy;zo) exp[j27C(fxx + fyy) ] df.dfy 

l 
where * denotes 2-D convolution, Ji is the Bessel function of the first order, p = (x2 + y2)T , and 

II(fxfy) is the pupil function given by 

H(fxfy)=1 

Substituting Eq. (3.11) into Eq. (3.13) yields 

1, (fxfy)eA 
0, otherwise. 
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v(x,y,zo) = v0 t(x,y) exp[j2ic(fxix + fyiy) ] 
* Ji(27tpM.) (3.15) 

Following Fig. 3.2, we demodulate v(x,y,zo) by f%i and f̂  to obtain 

p(x,y) = v(x,y,zo) exp[-j27c(fxix + fygr) ] 

= v0t(x,y)* {il^B^>.expH27c(fxix + fyiy)] } 

= t(x,y)*gh(x,y), 

where gh(x,y) is given by 

(3.16) 

gh(x,y) = v0
 J l ( 2 p P A ) expH27t(fxix + fyjy) ]. (3.17) 

Equation (3.17) gives the azimuthal degradation of holographic reconstruction. Figure 3.6. 

shows the magnitude of g%(p) plotted against the normalized distance •£-. Notice that using a 

higher frequency results in a sharper point spread function and better resolution as expected. 

Fig. 3.6. Azimuthal point spread function for holographic reconstruction. 



39 

To determine the range degradation for holographic reconstruction, consider the wavefield 

back-propagated to zrj + A; then gh(A) is given by 

gh(A) = voF-i(H(fx,fy;A) exp[-j2TC(fxx+fyy) ]} (3.18) 

= vo [ J l ( 2 p p A ) * F-i {exp[j27rA>/lA.2-fx
2-fy2 ]} ] exp[-j27C(fxix + fygr) ] 

= vo [ J l ( y * - ^ ( 1 ± ^ & ) exp(-j2%r/X) ] exp[-j27C(fxix + f^) ] 

where r=Vp2 + A2. Notice that gh(A = 0)= J * < y k ) as expected. For large A, 

gb(A) - 0(A_1), consequently, we can expect the range degradation to be on the order of z"1. 

The point spread function for tomographic reconstruction can also be obtained in closed 

form. For rotational scan, the point spread function is obtained by integrating Eq. (3.17) with 

respect too) 

&(x,y) = ~ - jgh(x,y)d<|, (3.19) 

= J l ( 2 p P A ) TexpH-2^. sin6(xcos* + ysi#) ] d<> 

= J 1 2^ J o ( 2 j c p s i n e A ) 

Comparing Eqs. (3.19) and (3.17), we see that the difference due to tomographic superposition is 

the Jo term Figure 3.7 shows the plot of gt(p) for three different 6. As can be seen, the point 

spread function is sharper for larger incident angles. For the STAM, 6 = 10°, thus the resolution 

improvement due to the gain of Fourier components is minor. Similarly, the variation of the 

point spread function in the range direction can be obtained by integrating Eq. (3.18) with 

respect to <|>. Since the terms containing A can all be factored outside of the integral, the range 
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Fig. 3.7. Azimuthal point spread function for tomographic reconstruction. 

variation is 0(z -1) as for the holographic case, and no range resolution is gained by rotational 

scan tomography. 

3.4 Discussion 

The improvement of tomographic reconstruction over holographic reconstruction can be 

attributed to improvement in resolution or SNR or both. In the BFP algorithm, only a single 

depth plane is considered for reconstruction while the signal from other planes is regarded as 

noise. This is in sharp contrast to the conventional diffraction algorithm, where the entire object 

is modeled for reconstruction. The philosophical difference is how the information in the pro

jections is used for reconstruction. In the BFP algorithm, since only a single plane is considered 
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as the signal component the projections are highly redundant On the other hand, the projec

tions of the conventional algorithm contain little redundancy since each projection contains 

information from a different portion of the object spectrum. The new information from each 

projection is used to recover new Fourier components of the object Essentially, the aperture of 

the imaging system is enlarged by combining the information from several views. In the BFP 

data acquisition, although new Fourier components are gained in each projection, the resolution 

gained is insignificant (as shown in the the previous section). Instead, the BFP algorithm obtains 

improvement in the SNR by using least-squares estimation to extract the signal component from 

the projections. Hence the BFP reconstruction does not contain more signal but less noise. 

Since the detected signal from planes other than the object plane is modeled as noise, the BFP 

algorithm reduces the contribution of the out-of-focus planes, which improves the quality of the 

reconstruction. 

The BFP algorithm is also novel in the class of limited-angle reconstruction algorithms. 

The typical approach for reconstruction from limited-angle data is to use a priori information 

about the object (e.g., object support) to extrapolate the missing data [38]. The approach of the 

BFP is to redefine the object to be reconstructed such that the limited object can be estimated 

from the available projections. 

Since the mechanism responsible for improved reconstruction is the reduction of noise, and 

not an increase in resolution, it may seem that varying the insonification parameter over the pro

jections is unnecessary for reconstruction. However, as discussed in the previous section, the 

least-squares estimate is most effective for uncorrected noise, and the purpose of varying the 

insonification parameter is precisely to uncorrelate the contributions from the out-of-focus 

planes. If the insonification angle were not varied for different projections, then the noise 



42 

between projections would be highly correlated, and the least-squares estimation would not be 

effective in removing the out-of-focus planes. This mechanism is reminiscent of the focal-plane 

tomography discussed in Chapter 1. Although the focal-plane method is not based on least-

squares estimation, the idea of keeping one plane in focus while blurring the others is common 

to both algorithms. 



43 

CHAPTER 4. 

PROJECTION PHASE CORRECTION 

Both the tomographic data acquisition system and the reconstruction algorithm have 

already been discussed in the previous chapters. It may seem that collecting the data and per

forming the tomographic reconstruction is but a small step away. That would be the case if the 

data fit the models exactly. Unfortunately, experimental data fit the models only approximately, 

and the resulting reconstructions are less than ideal. 

The present chapter is devoted to the modeling and correction of phase errors in tomo

graphic projections. Although amplitude errors also affect the quality of the reconstruction, we 

concentrate on phase errors because of their greater importance in the reconstruction process. 

The fundamental difference between the data used by the SLAM and that used by the STAM lies 

in the phase component of the received wavefield. It is this phase information that allows holo

graphic and tomographic reconstruction. Thus, phase errors in tomographic projections are a 

significant factor in determining the quality of the final reconstruction. 

We have identified two phase errors commonly present in the acquired data: the quadrature 

phase error and the initial phase error. The quadrature phase error is between the real and ima

ginary components of the detected wavefield, while the initial phase error is between the indivi

dual tomographic projections. These phase errors arise either from limitations of the modeling 

of the physical process, or from spurious (noise) signals during the detection stage. More 

detailed modeling of the physical process or modification of the detection system may reduce the 

errors to some degree, but this is an expensive approach that does not guarantee complete elimi

nation of the errors. Instead, our approach is to concentrate on the modeling, estimation, and 

correction of the phase errors. 
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In this chapter we derive algorithms to estimate and correct the quadrature and initial phase 

errors. Experimental results are used to illustrate the algorithms. Sections 4.1 and 4.2 discuss 

the quadrature phase error and initial phase error, respectively. After the correction of the phase 

errors, we have all the machinery necessary for multiple-frequency tomography, and experimen

tal reconstructions are presented in Section 4.3. Multiple-angle tomography requires more pro

cessing steps which are discussed in Chapter 5. 

4.1 Quadrature Phase Error 

The quadrature phase error is a spatially varying phase error between the real and ima

ginary components of the complex projection. In this section we model the phase error in the 

detected wavefield and derive some observable effects of the error. From Eq. (2.17), the 

received wavefield can be written as 

v(x) = a(x)exp(j2jcfxix), (4.1) 

where we have dropped the y dependence for notational convenience, and a(x) is given by 

a(x) = F~H v0 T(fJ H(fx + f«; zx - z@)}. (4.2) 

Ideally, the quadrature receiver detects the real and imaginary parts of the wavefield in the 

receiving aperture 

v/x) = Real (a(x) exp(j27rfxix)} (4.3a) 

= I a(x) | cos^TtfriX + <)>(x)) 

Vi(x) = Im (a(x) exp(j2jrfxix)} (4.3b) 

= |a(x)| sin(27tfxix + <l)(x)), 

where the subscripts r and i denote real and imaginary components, respectively, and 
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a(x) = | a(x) | exp(j<|>(x)). In practice, the outputs of the quadrature receiver are given by 

v%x) = | a(x) | cos(27tfxix + *(x) - A6(x)/2) (4.4a) 

v'i(x) = | a(x) | sin(27tfxix + <|>(x) + A9(x)/2), (4.4b) 

where A6(x) is the spatially-varying phase error between the real and imaginary components. 

The effects of the quadrature phase error can be observed in a single projection. From Eq. 

(4.4), the recorded wavefield is given by 

v'(x) = v%x)+jv'i(x) (4.5) 

= cos(A6(x)/2) a(x) exp(j2nfxix) + jsin(A9(x)/2) a%x) exp(-j2jcfxix). 

This shows that the wavefield containing the phase error has an additional spectral peak at -fju, 

which disappears when A9(x) = 0. An additional effect of the phase error can be seen by exa

mining the intensity of the recorded wavefield 

| v'(x) | 2 = | a(x) | 2 + | a(x) | 2 sin(A8(x)) sin(4itfxix + 2*(x)). (4.6) 

From Eq. (4.6), we see the phase error results in sinusoidal fringes with spatial frequency 2f̂  in 

the magnitude image of a projection. The effects of the phase error on tomographic reconstruc

tions are more difficult to quantify, but it is apparent from experimental results that the phase 

error also causes significant degradation. 

4.1.1 Previous work 

The phase error problem was first addressed by Lin and Wade [39]. Their approach was to 

model the phase error as a constant which allowed the phase error to be removed simply by 

removing one of the sidebands of the detected signal. Taking the upper sideband of the signal 

given in Eq. (4.5), we have 
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V+(x) = cos(A9/2) t(x) exp(j27tfxix), (4.7) 

where A8 is the constant phase error. The intensity of the single-sideband image is given by 

|v'+(x)|2 = cos2(A9/2) |t(x)|2 (4.8) 

Thus, the fringe pattern with spatial frequency 2f^ is removed. 

The question arises as to how well the constant phase error models the physical process 

[54]. In the next subsection we model the phase error as a spatially varying quantity and derive 

a method to estimate the spatially varying phase error. From those results (see Fig. 4.3), it is 

apparent that the phase error cannot be approximated as constant If the single sideband method 

of Lin and Wade is applied to spatially varying phase error, the sinusoidal fringe pattern of Eq. 

(4.6) is still removed; however, the intensity is modulated by the undesirable factor 

cos2(A8(x)/2), which is significantly less noticeable than the sinusoidal pattern. More impor

tantly, the single sideband approach is ineffective in the general case when both the magnitude 

and phase of the quadrature data contain error (Section 4.1.4). Thus, for spatially varying qua

drature error, the single sideband approach removes only the effect of the error, and the phase 

error is still present in the remaining sideband. For holographic reconstruction, the error in the 

remaining sideband will have a minor effect on the resolution. However, for tomographic recon

struction, the error is a serious problem due to the complex superposition process. 

4.1.2 Phase error estimation 

The spatially varying phase error model is used in the approach presented here for phase 

error correction. The phase error is first estimated for each position x from the complex projec

tion. Subsequently, the estimated error is used to correct the wavefield pixel by pixel. In gen

eral, the estimation of a spatially-varying phase difference between the real and imaginary 
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components of the complex wavefield cannot be accomplished. However, by using a nar

rowband constraint on the phase error, it can be estimated. Using the estimation procedure 

developed in this subsection, the phase error is shown to be spatially varying. 

The phase error A8(x) cannot be recovered directly from the received signals, v'r(x) and 

v'i(x), since both are real values. However, if the complex signals v',+(x) and v'i+(x) correspond

ing to v'r(x) and v'»(x) can be reconstructed such that [55] 

v'«.(x) = -^a(x) exp(j2itfxix - A9(x)/2) (4.9a) 

v'i,. (x)=-j-a(x) exp(j27rfxix + A9(x)/2), (4.9b) 

then the phase error for each position x can be obtained as 

exp(jA9(x)) = i ^ . . (4.10) 

To uniquely recover the complex signals v',+(x) and v';+(x) from v'r(x) and v'j(x), respectively, a 

narrowband assumption on a(x) exp(jA9(x)) is needed. The narrowband assumption requires 

a(x) exp(jA9(x) ) to be bandlimited to f̂  such that v',+(x) and v'%.(x) are analytic functions of x 

[40, pp. 69]. To see the necessity of the narrowband assumption, the Fourier transforms of v'r(x) 

and v'i(x) are expressed in terms of the Fourier transforms of v',+(x) and v'^(x) as [41, pp. 359] 

W P . V ' " ( 0 y ' * H ) (4.11a) 

rg.™-****. (4.llb) 

Thus, V'r+(f) can be recovered from V'r(f) when V'r+(f) and V\+(-f) do not overlap. That V'r+(f) 

and V'r+(-f) do not overlap implies V',+(f) is zero for f < 0, which is the condition for v'r+(x) to 
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be analytic. Similarly, V'%.(f) can be recovered from V';(f) when V'̂ .(f) and V'i+(-f) do not 

overlap, or equivalently, when v'i+(x) is analytic. 

The analyticity of a complex function v(x) imposes a relationship between its real and ima

ginary parts Vr(x) and v,(x), respectively, given by [40, pp. 69] 

Vi(x) = v/x) (4.12) 

where v,(x) is the Hilbert transform of v/x). Thus, v',+(x) and v'j+to can be recovered from 

v'r(x)andv'i(x)as 

v V ( x ) ^ v ^ x ) +
2 ^ x ) (4.13a) 

vV(x)~V ' i(x)V*' i(x). (4.13b) 

To verify Eq. (4.10), we substitute Eq. (4.4) into Eq. (4.13) to obtain 

v'*(x) = - l ^ i L [ cos(2rcfxix + <|>(x) - A9(x)/2) (4.14a) 

+jsin(27tfxix + (|)(x) - A9(x)/2) ] 

v'i+(x) = - ^ L [ sin(2^x + <|)(x) + A9(x)/2) (4.14b) 

- jcos(2nfxix + (J)(x) + A9(x)/2) ], 

which yields Eq. (4.9), and Eq. (4.10) follows. 

Equation (4.9) is the upper sideband signal corresponding to Eq. (4.4), thus the above esti

mation uses only the upper sideband. The lower sidebands, which are given by 

v V ( x ) = V ^ x ) - ^ ( x ) (4.15a) 

v l ( x ) = V ' ' ( x ) / ' i ( x ) , (4.15b) 
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can also be used for estimation. The estimation equation using the lower sideband is given by 

exp(jA0(x)) = i ^ . , (4.16) 

This completes the estimation process. The estimated error is used by the correction process 

which is derived next 

4.1.2 Wavefield correction 

To derive the correction operation, consider the data 

v'T = acos(<|>-9) 

v'i = asin(<{> + 9), 

(4.17a) 

(4.17b) 

where a, $ and 9 are constants. The desired corrected data are in the form 

vr=acos(<|>) 

Vj = asin(<J>). 

(4.18a) 

(4.18b) 

Rearranging Eqs. (4.17) and (4.18), the following matrix relationship is obtained 

cos(9) sin(9) 
sin(8) cos(9) 

Thus, the correction matrix operation is in the form of 

cos(9) sin(9) 
sin(8) cos(9) 

- l 
V r 

V'; 

(4.19) 

(4.20) 

cos(2S) 
cos(9) -sin(8) 
-sin(8) cos(9) 

v'r 
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Letting 9 = A9(x)/2, we can obtain the corrected signal for each position x as 

(4.21) v,(x) 
vi(x) 

1 
cos(A9(x)) 

cos(A9(x)/2) -sin(A9(x)/2) 
-sin(A9(x)/2) cos(A8(x)/2) 

v'r(x) 
v'i(x) 

Because of the narrowband assumption, the accuracy of the error estimate depends on the 

variation of the phase error. For phase error variation with wider bandwidth, the error may not 

be completely removed in a single step. In using this method of phase correction, the estimation 

and correction procedure is applied iteratively, until the estimated error is below a certain thres

hold. Figure 4.1 shows the block diagram of the iterative algorithm. 

4.1.4 General case 

In the above derivation for the estimation and correction of the phase error, the amplitudes 

of the quadrature signals have been assumed to be ideal to simplify the derivation. In practice, 

the amplitude between the real and imaginary signals is also contaminated by error and affects 

the phase error estimation. For the general case where both the magnitude and phase error are 

present, the signal model corresponding to Eq. (4.4) is [56] 

v'x(x) = (I a(x) I T I Aa(x)/21) cos(27tfxix + 4(x) - A9(x)/2) (4.22a) 

v'i(x) = ( | a(x) | ± | Aa(x)/21) sin(27tfxix + <j>(x) + A9(x)/2), (4.22b) 

where Aa(x) is the relative magnitude error between the real and imaginary components. The 

estimation and correction of the magnitude and phase error follow essentially the same steps as 

for the case of phase error alone. However, an additional assumption is needed for the estima

tion step: the phase error is restricted to the range [—5-,-5-] to uniquely recover the sign of 

| Aa(x) | . As before, the absolute phase error A9(x) is estimated; in addition, the relative magni

tude error a(x) = ± | ~ y y | is now estimated. The complete derivation is given in Appendix B, 
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Fig. 4.1. Iterative quadrature phase correction. 
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and only the final algorithm is shown here. 

STEP 1: Magnitude and Phase Error Estimation 

For each position x, define 

•w-3& 
where v'%+ and v'j+ are given by Eq. (4.13), and 

9 = tan" 
' « # > • 

7C 7t If 4) is in the range [--S-,-j], then 

Otherwise, 

A9(x) = 9 

« « = « # • 

A9(x) = 9-Jt 

(4.23) 

(4.24) 

(4.25) 

(4.26) 

(4.27) 

(4.28) 

STEP 2: Correction 

vr(x) _ i 
vi(x) -"3eT 

(l+«£*l)cos(A9(x)/2) -(1 - ££l)sin(A9(x)/2) 

_(1 + «^I)sin(A9(x)/2) (1 - -2£l)cos(A9(x)/2) 

v'r(x) 
v'i(x) (4.29) 



53 

where 

det = ( 1 - (-2£!)2)cos(A9(x)). (4.30) 

4.1.5 Experimental results 

The algorithm has been applied to experimental data to see how it performs. First the algo

rithm is applied to a single row from a complex projection. Figures 4.2(a) and (b) show the 

magnitude and Fourier transform of the data sequence, respectively. The small peak in the nega-

. tive sideband in Fig. 4.2(b) is a result of the phase error as discussed in Section 4.1.1. Figure 

4.3(a) shows the estimated relative magnitude error, a(x), and Fig. 4.3(b) shows the estimated 

phase error, A9(x). The data sequence is corrected using the estimated error, and the result is 

shown in Fig. 4.4 (compare with Fig. (4.2)). Notice the reduction of the sinusoidal signal in Fig. 

4.2(a) and the negative spectral peak in Fig. 4.2(b). The error in the corrected data can be 

estimated, and the result is shown in Fig. 4.5 (compare with Fig. (4.3)). The results after three 

iterations of estimation and correction are shown in Fig. 4.6, with corresponding errors shown in 

Fig. 4.7. The reduction in error power for iterative estimation and correction is shown in Fig. 

4.8. Figures 4.9(a) and (b) show the magnitude image of a STAM projection before and after 

phase correction. Notice the removal of the high-frequency fringe pattern in Fig. 4.9(b). (To an 

observer, Fig. 4.9(a) may look better than Fig. 4.9(b) because the former contains more edges, 

and the human visual system is more sensitive to edges.) 
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Fig. 4.2. (a) Magnitude and (b) Fourier transform of data sequence. 
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Fig. 4.3. Estimated (a) magnitude and (b) phase error sequence. 
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Fig. 4.4. (a) Magnitude and (b) Fourier transform of corrected data sequence. 
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Fig. 4.5. Residual (a) magnitude and (b) phase error. 
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Fig. 4.6. (a) Magnitude and (b) Fourier transform of data after three iterations. 
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Fig. 4.7. Residual (a) magnitude and (b) phase error after three iterations. 
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Fig. 4.9. Image (a) before and (b) after quadrature phase correction. 
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4.2 Initial Phase Error 

In this section we discuss the correction of the initial phase error, which is a constant phase 

error between the complex projections. First, the phase error is modeled in the received 

wavefield. Because of the loss of evanescent waves, the phase error cannot be accurately 

estimated in the space domain. However, the error can be estimated in the Fourier domain by 

using the overlapping region between the spectra of two projections [57]. The phase error 

correction step is direct once the phase error has been estimated. The performance of this algo

rithm is demonstrated by the experimental results for multiple-frequency tomography presented 

in the next section. 

The presence of the initial phase error results in a constant phase offset in each projection. 

The consequence is that the tomographic superposition equation (Eq. (3.9)) becomes 

t(x,y) = ^ - ^ Pk(x,y) expfjQk), (4.31) 

where exp(jO%) is the constant phase offset in each projection. In order to estimate the phase 

offset between two projections, it is necessary to have a phase reference. The projections cannot 

be immediately used as references since the correct phase of each projection is unknown. To 

obtain the phase reference, the projections are back-propagated and demodulated such that the 

object transmission function becomes the phase reference. As discussed in Chapter 2, each 

back-propagated and demodulated projection is proportional to the object transmission function 

within a circular region in the Fourier domain. Thus, the relative phase offsets between two pro

jections can be obtained by comparing the overlapping region of their spectra. 
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The back-propagated and demodulated wavefield is given by Eq. (2.19) as 

. exp(jOk)T(f„fy), (fx + f ^ + (fy + f ^ 2 < - ^ - ( 4 3 2 ) 

Pk(fx.fy) = o, otherwise 

where the unknown initial phase Q% is explicitly shown. The signal Pk(fx,fy) is nonzero only 

within a circular region with radius 4- and centered at -f^ and -fy.. Since f̂  and fy, vary with 

the incidence angle (Eq. (2.8)), the support of Pk(fx,fy) will change for different projections k. 

From Eq. (4.32), the relation between two projections m and n is given by 

Pm(f*&) = exp(j(Om - % ) ) Pn(fx^y), (4.33) 

which is valid for fx and fy in the overlapping region of Pm(fx,fy) and Pn(fx,fy). From Eq. (4.33), 

the least-squares estimate of exp(j(Cim - %)) can be computed as 

ffPn(fX^y)Pm(fX,fy)dfXdfy 
e X P q ( Q m " ^ - |J|Pn(^y)|2dfxdfy ' <434) 

where B is the overlapping region between Pm and Pn (see Fig. 3.3). Thus, the spatial frequen

cies in the overlapping region between two spectral distributions is used to estimate the relative 

phase offset Using Eq. (4.33) in the denominator of Eq. (4.34), we obtain 

|JPn(fx,fy)Pm(fx^y)dfxdfy 
exp(j(Qm-On)) = -=z= , (4.35) 

jj |Pn(Wy)l |Pm(fx,fy)l dfxdfy 

which allows the phase offset to be estimated by integrating over an area that includes the over

lapping region and to bypass the explicit computation of the overlapping region. 
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4.3 Experimental Results for Multiple-Frequency Tomography 

In this section we present multiple-frequency tomography results which also serve to illus

trate initial phase correction. Multiple-frequency projections are used to illustrate the initial 

phase error in order to avoid the alignment problems associated with multiple-angle projections 

and thus isolate the source of the reconstruction degradation to phase errors in the projections. 

Multiple-frequency tomography can be performed only for specimens whose acoustic parame

ters are not highly frequency dependent Since the frequency range used in the experimental 

reconstruction is extremely small, it can be assumed that the acoustic parameters are approxi

mately constant between the projections. A larger frequency range can be used for biological 

specimens, which are less frequency dispersive [53]. 

The block diagram with all the processing steps for multiple-frequency is shown in Fig. 

4.10. Four tomographic projections from the STAM are acquired with insonification frequencies 

of 97 MHz, 99 MHz, 101 MHz, and 103 MHz. Figures 4.1 l(a)-(d) show the magnitude images 

of the projections after quadrature error correction. The specimen is a honeycomb test grid 

located 0.5 mm beneath the detection plane (zi-zo = 0.5mm). Figures 4.12(a)-(d) show the 

magnitude of the wavefields after back-propagation and demodulation. Figures 4.13(a) and (b) 

show the tomographic superposition of the four images of Fig. 4.12 without and with initial 

phase correction, respectively. As can be seen, tomographic superposition without phase correc

tion is worse than the individual projections. With the phase correction, the reconstruction 

shows significant improvement over the individual projections. 
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Fig. 4.10. Block diagram for multiple-frequency tomography. 
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(a) (b) 

(c) (d) 

Fig. 4.11. Multiple-frequency projections (a) 97 MHz, (b) 99 MHz, (c) 101 MHz, 
and (d) 103 MHz. 
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Fig. 4.12. Projections of Fig. 4.11 back-propagated and demodulated. 
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(a) 

(b) 

Fig. 4.13. Tomographic reconstruction (a) without and (b) with initial phase correction. 
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CHAPTERS. 

PROJECTION REGISTRATION AND ALIGNMENT 

Both multiple-frequency and multiple-angle tomography require phase error correction as 

described in the previous chapter, however, multiple-angle tomography also requires additional 

processing to register and align the projections for tomographic superposition. The need for pro

jection registration and alignment is a consequence of the rotation of the specimen instead of the 

transducer in the rotational scan method of data acquisition as described in Chapter 3. The rota

tion of the specimen requires the subsequent rotation of the projection by the same center of 

rotation and the negative of the rotation angle. Since the center of rotation and the rotation angle 

of the specimen are not known exactly, it is necessary to estimate these parameters from the pro

jections. Another problem that stems from the rotation of the specimen is the need for the sam

ple spacing of the projection in the x - and y-directions to be identical, otherwise the projections 

will be relatively distorted and will not align properly. 

Section 5.1 discusses a method to estimate the relative position between two tomographic 

projections for alignment and Section 5.2 addresses the nonuniform sampling problem. Since 

the algorithm presented in Section 5.2 is ad hoc, a sensitivity analysis is performed to determine 

its performance in noise. The results in Sections 5.1 and 5.2 complete the processing necessary 

for multiple-angle tomography, and experimental results are shown in Section 5.3, which also 

serve to demonstrate projection registration and alignment 

5.1 Projection Pose Estimation 

Rotation of the specimen results in projections that are rotated versions of what would be 

obtained by rotating the transducer. Consequently, the tomographic superposition equation 
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(Eq. (3.9)) becomes 

t (x ) = Tvt ̂  TrK Pk(Rk% + W, (5.1) 

where x is the 2x1 position vector, t is the 2x1 translation vector, and R is the 2x2 rotation 

matrix 

R = 
cos<|> sintb 
—sintj) cos<|> (5.2) 

where $ is the rotation angle. Clearly, h is necessary to rotate and translate the projections to 

implement Eq. (3.9) instead of Eq. (5.1). 

Standard techniques to perform image registration require feature extraction followed by 

pose estimation under the assumption of rigid body motion (two projections are related by a 

rotation and translation) [42-44]. In general, the projections are not related by a rotation and 

translation (otherwise no new information is gained by using more projections), thus to apply 

these techniques requires the selection or creation of redundant information between projections. 

The rigid body assumption is also violated when the sampling of the acoustic wavefield is dif

ferent in the x- and y-directions, which will be discussed in Section 5.2. 

Redundant information between two projections can be obtained in the space domain or in 

the Fourier domain. The space domain method requires the determination of corresponding 

feature points in the two projections. Alternatively, the redundant information can be extracted 

in the Fourier domain by using the intersection of the Fourier apertures of the projections. Sub

section 5.1.1 considers the algorithm given corresponding feature points in the space domain, 

and Subsection 5.1.2 generalizes the algorithm to continuous distributions for use with Fourier 

data. 
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5.1.1 Space-domain algorithm 

In this subsection we consider the problem of rotation and translation estimation given 

corresponding feature points. In some images it may be simple to find a set of corresponding 

feature points from two projections (e.g., our grid and wire data in Section 5.3), but this cannot 

be expected in general. For the general case, it is necessary to create a set of feature points in 

the projections. Since the coverslip rests on the specimen and rotates with the specimen, feature 

points can be created on the coverslip. Two pixel-sized points on the coverslip at the outer 

boundary of the detection region would be sufficient, but additional points can be used to combat 

noise. Since the points are located on the coverslip, they would be sharply focused in the 

detected projection, and they are located near the outer boundary of the detection region to 

minimize interference with the received wavefield. 

Recovering the 2-D rotation and translation from two sets of corresponding feature points is 

a standard problem in computer vision, and there are several solutions to the problem. The algo

rithm we use to estimate the rotation and translation has been derived by several authors [45]. 

The algorithm can be derived by comparing the angle between the principal axes of the two 

feature distributions [46]. It has also been derived in the general framework of least-squares 

matching of 3-D point sets [47]. The approach we take is a hybrid of the two approaches and is 

a more intuitive derivation than either approach. The translation is obtained by the standard pro

cedure of comparing the centroids of the two sets of feature points. The rotation angle is 

obtained by fitting a coordinate axis into each point distribution and then determining the angle 

between the axes. 

Assume that a set of corresponding feature points q, and q',, i = 1,2,...,N have been obtained 

from two projections p(x) and p'(x). In general, the two point sets are related by 



68 

q'i = Rqi + t, i=l,2,...,N (5.3) 

for some rotation matrix R and translation vector t The mean vectors (centroids) of the two 

point sets are given by 

m = T r i < l i (5.4a) 

Kq=4-&q'i, (5.4b) 

*•' p i 

which are related by 

U.'q=RUq + t. (5.5) 

To estimate the rotation between the projections, the translation component is first removed by 

shifting the centroid of each point distribution to the origin [46]. Let e be the sum of the dis

tance squared from the shifted points to a line passing through the origin with normal vector n. 

Then e is given by 

e = |j((qi-m,)Tn)2 (5.6) 

= nT^(q i-Hq)(q i-nq)Tn 

= nTQn, 

where Q is the 2x2 covariance matrix 

Q = jj- | j (<li - Hq) (* " W ^ (5.7) 

To find the least-squares fitted line, e is minimized over n. The minimum of e is given by the 

Rayleigh Quotient to be the smaller eigenvalue %2 °f Q [48]. The corresponding eigenvector v̂  

is the normal to the best fit line through the feature points. By comparing the best fit lines 

through the two sets of feature points, the rotation angle between them can be obtained in terms 
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of the elements of Q and Q' as 

Because of the ambiguity in the sign of the eigenvector, the angle $ can be determined only to 0 

or <>-Ht. This ambiguity can be resolved by using additional a priori information about the range 

of values that <j> can take. Figure 5.1 illustrates the least-squares fitting of the coordinate axis. 

After the rotation matrix is estimated, the translation vector can be determined from Eq. (5.5). 

This method of estimating the rotation angle is equivalent to comparing the principal axes of the 

two distributions of point features [45], and it is also the least-squares estimate of the rotation 

matrix and translation vector given the set of corresponding feature points [47]. 

5.1.2 Fourier-domain algorithm 

An alternative to determining corresponding feature points in die space domain is to extract 

the redundant information in the Fourier domain. As discussed in Section 3.4, the tomographic 

projections are highly redundant since only one depth-plane is considered to be the signal 

y 

Largsr Bgonvacur 
of Q 

Fig. 5.1. Least-squares coordinate axis fitting. 
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component The redundant information between two projections can be extracted by taking the 

intersection of their Fourier apertures. The algorithm of Subsection 5.1.1 cannot be used directly 

since it is difficult to obtain corresponding feature points in the Fourier domain. However, the 

algorithm can be generalized to use continuous distributions instead of corresponding feature 

points such that the Fourier data can be used directly. 

The Fourier transform of p(RT(x-t)) is given by P(RT f) exp(2jrfrt), which is nonzero 

only within the circular region with radius -jk To estimate the rotation and translation between 

two projections, the largest circular region centered at the origin and within the intersection of 

the Fourier apertures is used. Figure 3.3 illustrates the region labeled by C for three projections. 

Let A(f) denote the redundant information 

A m . { o ? ' ^rwise. <59> 

Thus, A(f) and A'(f) are related by 

A'(f) = A( RT f) exp(j2%m). (5.10) 

The rotation matrix can be estimated from the magnitude spectra. Define the magnitude of 

the projection spectra by B(f)= | A(f) | and B'(f)= | A'(f) |. Then, B(f) and B'(f) are related by 

B'(f) = B(RTf). (5.11) 

If the projections are normalized, they can be considered to be probability density distributions. 

We define the covariance matrix for B(f) and B'(f) as 

Q = E[ffT] (5.12a) 

= JffTB(f)df 
and 
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Q' = E[ffT] (5.12b) 

= JffTB/(f)df, 

respectively. Now Q and Q' are related by 

Q' = jffTB(RTf)df (5.13) 

= jRf(Rf)TB(f)df 

= jRffTRTB(f)df 

= RQRT. 

Taking the eigenvalue decomposition of the matrices Q and Q', we obtain 

Q = UAUT (5.14a) 

and 

Q' = VA'VT, (5.14b) 

where A and A' are diagonal matrices containing the eigenvalues, and U and V are orthogonal 

matrices containing the eigenvectors of Q and Q', respectively. From Eq. 5.13, since R is 

orthogonal, the eigenvalues of Q and Q' are identical [48]. Substituting Eq. (5.14) into Eq. 

(5.13) we obtain 

VAV T = RUAU T R T (5.15) 

= RUAU?RT. 

Assuming orthonormal eigenvectors and distinct eigenvalues, the eigenvalue decomposition is 

unique except for the ambiguity of the signs of the eigenvectors, and we have from Eq. (5.15) 

VC = RU, (5.16) 

where C is a diagonal matrix with elements +1 or - 1 . Solving for the rotation matrix in Eq. 

(5.16) yields 
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R = VCUT. (5.17) 

Because we do not know the matrix C, there are four possible orthonormal matrices satisfying 

Eq. (5.17). However, two of them have negative determinants and are not valid rotation 

matrices. The ambiguity of the two remaining possible rotation angles can be resolved by using 

a priori information about the range of rotation angles. The estimate Eq. (5.17) can be shown to 

be identical to Eq. (5.8). 

Given the rotation matrix, the translation vector can be obtained by rewriting Eq. (5.10) as 

- ^ j ^ = exp(j2%m). (5.18) 

Considering fx and fy to be sampled into N samples, the problem is to estimate the translation 

vector t = [tx,ty]T from the data 

w(m,n) = exp[j2%(mAftx + nAfty) ], m, n = 0,1,...,N-1, (5.19) 

where Af is the sample spacing. This can be accomplished very simply by taking the Fourier 

transform of the data and locating the magnitude peak. Taking the DFT of Eq. (5.19), we obtain 

W(k,l) = *|J *|J w(m,n) exp[-j2%(km + ln)/N] (5.20) 

= % * S exp[j2%(m(NAftx - k)/N + n(NAfty - 1)/N] 

N2, k = N(Aftx-i),l = N(Afty-j),03k<N-l,0 3 l < N - l 
0, otherwise, 

for some integers i and j . The location of the peak (k\l*) of the function | W(k,l) | is related to 

the translation vector by 

t*=TraF (5.21a) 
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v-ik (5-21b) 

Since k and 1 are in the range of 0 and N-l, the maximum translation that can be recovered is 

tnm = -rr. Any translation greater than or equal to 4 r will wrap around and be confused with a 

smaller translation. The minimum translation that can be detected is W = -prW. Resolution 

can be increased without affecting the maximum translation recoverable by increasing the DFT 

size N with zero padding. 

5.1.3 Interpolation 

After the rotation and translation between the two feature distributions are estimated, the 

projections can be aligned by translating, rotating, and interpolating the projection sample values 

onto the sampling grid. Except for rotations by multiples of -5-, the rotated sample values do not 

fall on sampling grid points and interpolation is necessary. This interpolation is simpler than the 

interpolation from circular arcs typically required for diffraction tomography using direct 

Fourier inversion [14] because the present case involves interpolation from uniformly sampled 

data. With uniformly sampled data, the most direct approach is to use the Whittaker-Shannon 

interpolation formula [34, pp. 135; 41, pp. 132] 

p(x,y) = £ 2 p(mAx,nAy) sinc[7t(x-mAx)/Ax] sinc[7t(y-nAy)/Ay]. (5 22) 
m n 

For implementation, it is necessary to sum over a finite number of samples and be subject to 

truncation error. Alternatively, one can treat the given samples as one period in a periodic func

tion and use the FFT for interpolation by zero padding the FFT spectrum. The problem with this 

approach is that the FFT interpolates only to discrete points, and the FFT size may become very 

large for the discrete points to approach the desired interpolation locations. The usual tradeoff is 
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to use the FFT method in combination with the nearest-neighbor or bilinear interpolation 

methods [14]. 

5.2 Estimation of the Sampling Ratio 

The rotation of the specimen instead of the transducer requires the sample spacings of the' 

projection to be identical in the x- and y-directions. When the sample spacings in the x- and y-

directions are different each projection is distorted by an expansion (or contraction) in one 

direction. If the projections were not subsequently rotated, then this distortion would not 

degrade the reconstruction because all projections would be identically expanded, and they 

would remain properly aligned. Since the projections are subsequently rotated, the projections 

are effectively expanded in different directions and thus will not be properly aligned for superpo

sition. 

In this section we seek to estimate the ratio between the sample spacing in the x-y direc

tions from two multiple-angle tomographic projections. Corresponding feature points in the 

space domain are used, although the algorithm can be generalized to use continuous Fourier data 

as in Subsection 5.1.2. After the algorithm is derived in Subsection 5.2.1, a sensitivity analysis 

is performed to determine the performance of the algorithm in the presence of noise. The deter

mination of the sampling ratio is a system calibration step that needs be performed only once 

prior to data acquisition, assuming the sampling ratio does not drift during data acquisition. 

5.2.1 Estimation algorithm 

Assuming the redundant information between two wavefields is a(x) and a'(x) as in Section 

5.1.2, then they are related by a rotation and translation 
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a/(x) = a(RT(x-t)). (5.23) 

Both the rotation matrix and the translation vector are assumed to be unknown. The wavefields 

are nonuniformly sampled to give 

b(x) = a(S~1x) (5.24a) 

b/(x) = a,(S"1x), (5.24b) 

where 

S = a O 
0 1 

(5.25) 

and a is the unknown sampling ratio to be determined. If a > 1, then the projection correspond

ing to b' is sampled more densely in the x-direction and consequently the image is expanded in 

the x-direction compared to the image corresponding to b. From Eq. (5.23), b(x) and b'(x) are 

related by 

b'(Sx) = b(SRT(x-t)). (5.26) 

Consequently, a point q' in b'(x) is related to a corresponding point q in b(x) by 

q' = S(RS-iq + t). (5.27) 

The relationship between the mean vectors and covariance matrices is now given by 

ji/
q = SRS~1nq + St (5.28a) 

and 

S-i Q' S-i = R S"1 Q S"1 RT, (5.28b) 

where u. and Q are defined by Eqs. (5.4) and (5.7), respectively. Since R is an orthogonal 

matrix, the eigenvalues of S"1 Q S"1 are identical to the eigenvalues of S-1 Q' S_1 [48]. Using 

the fact that the trace of a matrix is equal to the sum of its eigenvalues, we write 
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4z-Q/ii + Q/22=4z-Qn + Q22. (5.29) 

from which a can be solved as 

Equation (5.30) allows the sampling ratio to be estimated from the corresponding feature points 

between two projections. After the sampling ratio is obtained, the projections can be resampled 

to square sampling grids as discussed in Section 5.1.3. 

5.2.2 Algorithm analysis 

In this subsection the performance of the algorithm in noise is analyzed. From Eq. (5.28b) 

it can be seen that the algorithm breaks down to give a = 1 when the rotation matrix R is an 

identity matrix (0° rotation). Therefore, it is reasonable to suspect the performance of the algo

rithm to be a function of the rotation angle, and the estimate to be unreliable when the rotation 

angle is close to 0°. In this section we examine the estimation bias and variance as a function of 

the rotation angle, actual sampling ratio OQ, and the number and location of feature points. This 

analysis determines the reliability of the algorithm as well as the optimal geometry of feature 

points for practical implementation. 

The estimation bias and variance are derived under the assumption of a high signal-to-noise 

ratio (SNR). In a sense, this is the best performance that can be expected, and any other SNR 

will yield a worse performance. The noise is assumed to exist in the location of the feature 

points such that Eq. (5.27) becomes 

q/ + en;' = S(R S"Hqi + enO+1), (5.31) 

where the n; and n;' satisfy 



E[nj = E[n{] = E[n{ nf*} = 0 

£[nini
T] = £[n;/nj

/r] = 0, i* j 
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(5.32a) 

(5.32b) 

for all i, j = 1 A...,N. The noise power is given by trace £ [ 6 ^ ni7] = e2. Equation (5.31) can be 

written as 

where 

qi' = SRS-iq i+St + ed;, 

di = SRS- l ni -n i ' 

(5.33) 

(5.34) 

is the noise component Notice although the noise in the feature positions is uncorrected, the 

noise d; contaminating the estimation process is correlated. The relationship between the two 

mean vectors (Eq. 5.28a) is now given by 

where u<i is given by 

H'q = S R S - 1 m + S t + eud, 

Md=^£di. 

(5.35) 

(5.36) 

The relationship between the covariance matrices (Eq, 5.28b) is given by 

where 

and 

S-i[Q' - e D - 0(e2)]S-i = R S"1 Q S"1 RT, 

D = SRS~1G + GTS-1RTS 

G = ^ ( q i - J i q ) ( d i - U ^ 1 

(5.37) 

(5.38) 

(5.39) 
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Comparing Eq. (5.37) with Eq. (5.28b), we see that the Q' is perturbed by eD + 0(e2); thus the 

estimate for a, Eq. (5.30), becomes 

Using Eq. (5.28b), we can rewrite Eq. (5.40) as 

a = ao^-rJ(^^^-°^) 
f(4>) + 002(6022+0(e2)) ( 5 ' 4 1 ) 

where 

f(4») = sm4(af?Q22 - Qn) + 2ooQi2Cos<|>sin<|>. (5.42) 

For high SNR, trace Q >• e2, we consider the first-order perturbation of a 

a = a o + e a i , (5.43) 
where a% is given by 

a i = - ^ - ( D i i + ao2D22). (5.44) 

The bias and variance of the estimate, under the first-order approximation, are given by 

E[aJ = ^ y ( E [ D n ] + ao2E[D22]) (5.45a) 

and 

v a r W = ^ y (£[Dn
2] + 2ao2£[D11D22] + a^E^^]). (5.45b) 

The expressions for E\Dn], E\PzA, SP i i 2 ] , EfPuDzd, and E\P222] are derived in Appendix C. 

The results given by Eqs. (C.6) and (C.7) are rewritten here 

£[D11] = E[D22l=0 (5.46a) 

£[DiiP22] = 0 (5.46b) 
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i = 4 E[Dii2] = -S^. (cos2* + Oo2sin4 +1) (5.46c) 

•[aocos2* + 2boc<osin(j)cos({) + coo^sin2*] 

ETD222] = ^ (cos2* + ^Ls in 2 * +1) (5.46d) 

'[-%-sin2* - -~sin(|)cos(t> + cocos2*], 
oto* **o 

where arj, bo, and eg are given by 

ao = £ (qii - Hi)2 - 4 " £ £ (Oil - Hi)(qji - Hi), (5.47a) 
a " 5 i f i 

bo = £ (qn - Hi)(qi2 - H z ) - T O - £ £ (Qii - HiXqjz - Hz) (5.47b) 
p i " 5 l M 

co = £ (qi2 - Hz)2 - ^ £ £ ( to - Hz)(qj2 - Hz). (5.47c) 

By substituting Eq. (5.46) into Eq. (5.45), we obtain the estimation bias and variance to be 

E[cti]=0 (5.48a) 

and 

var[aj = ^ W (cos2* + 1) + sin2*(sin2* + otfcos2*)) (5.48b) 

+ 4boao(l - ao2)cos^*sin* + coOo2(cto2 +1) ]. 

Equation (5.48a) implies that the estimate is unbiased. Since ao, bo, and c0 are all 0(N), 

var(oci) - 0(4r) , and the estimate is consistent Thus, for large N, the estimate given by Eq. 

(5.30) converges to the correct value in the mean-squares sense. 

It is useful to study the behavior of the variance for finite N. To obtain a gross idea of the 

variation of var(oci) for different * and feature point distribution, we can look at the zeros of f(*), 

which are the poles of var(cti). The two zeros of f(<t>) are located at 
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*pi = 0 (5.49a) 

and 

which are periodic with period 180°. The first zero at 0° confirms our earlier suspicion that the 

estimate would break down at * = 0°. Nothing can be done about <ppi, but *p2 is a function of the 

sampling ratio and the distribution of the feature points. It is reasonable to expect optimal per

formance when *p2 = *pi. First consider oto = 1; then Eq. (5.49b) becomes 

^=™"(T3#W' <5-50) 

which will be close to *pi if Q12 « 0 and On > Q22 or Q22 » On This implies that the feature 

points should be located in an elongated vertical or horizontal distribution. For a general feature 

point distribution, Eq. (5.50) is twice the angle of the principal axis of the distribution [46]. 

Thus, if the feature distribution is rotated by *o, then *p2 will change by 2*o- For a© > 1, the fol

lowing observations can be made from Eq. (5.49b): (1) *p2 < *p2 if Qiz < 0, and <|>p2 > *p2 if 

Q12 > 0; and (2) *p2 will be more sensitive to 0% for Q n > Q22 than for Q22 > Qii- To be able to 

predict the estimation variance, less sensitivity to the unknown cto is desirable. Thus, the 

optimal feature point set is in a vertically elongated distribution. This distribution in fact assures 

the accuracy of the first-order approximation given by Eq. (5.43). 

The properties of the estimation variance described above are verified by plotting Eq. 

(5.48b) for different *, Oo, N, and feature point distributions. Each figure shows the variance 

versus the rotation angle for three different Oo's: 0% = 1.0 (solid line), OQ = 1.2 (large dash), and 

«o= 1.4 (small dash). The parameters for the distribution in each figure are shown in Table 5.1. 

Figure 5.2 shows six feature points in the near-optimal distribution that results in the variance 
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distribution shown in Fig. 5.3. Figure 5.5 corresponds to the feature points of Fig. 5.2 rotated by 

-90* as shown in Fig. 5.4. Figure 5.5 shows greater sensitivity to oto than Fig. 5.3 because 

Qn > Q22 for Fig. 5.5. Figure 5.6 shows the near-optimal 15 point distribution that results in the 

variance plots of Fig. 5.7, which illustrates the effect of increasing the number of samples. Fig

ure 5.8 shows a more realistic family of distributions that result in the variance plots in Fig. 5.9. 

Figure 5.9(a) is for 15 points with h = 1.0; Fig. 5.9(b) is for 15 points with h = 1.2; Fig. 5.9(c) is 

for 15 points with h = 2.0; and Fig. 5.9(d) is for 45 points with h = 2.0. Increasing the height-to-

base ratio, h, makes the configuration more ideal and shifts <J)p2 towards *pi. Increasing the 

number of feature points makes the peaks sharper. This characterization of the estimation vari

ance allows the optimal selection of feature points and rotation angle for practical estimation of 

the sampling ratio. 

Table 5.1. Parameters of the experimental feature distributions. 

Feature point 
configuration 

Fig. 5.2 
Fig. 5.4 
Fig. 5.6 
Fig. 5.8 

h=1.0,15 pts 
h=1.2,15 pts 
h=2.0,15 pts 
h=2.0,45 pts 

Qn 

0.167 
0.833 
0.011 

0.5 
0.41 
0.2 
0.2 

Qiz 

0.0 
0.0 
0.0 

-0.25 
-0.246 
-0.2 
-0.2 

Qz2 

0.833 
0.167 
0.989 

0.5 
0.59 
0.8 
0.8 
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Fig. 5.2. Near-optimal 6-point feature distribution. 
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Fig. 5.3. Estimation variance for feature distribution of Fig. 5.2. 
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Fig. 5.4. Feature distribution of Fig. 5.2 rotated by 90° 
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Fig. 5.6. Near-optimal 15-point feature point distribution. 
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» X 

Fig. 5.8. More realistic family of feature distributions. 
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5.3 Experimental Results for Multiple-Angle Tomography 

In this section we show experimental results for multiple-angle tomography. The steps we 

use for the reconstruction are shown in Fig. 5.10. Two sets of results each using 12 projections 

(30° interval) are presented. The first set uses the two-layer sample shown in Fig. 5.11. Figure 

5.12 shows four representative projections (0°, 90°, 180°, 270°) after quadrature error correction. 

Figure 5.13 shows the corresponding back-propagated, demodulated, and normalized projections 

at the top plane of interest Figure 5.14 shows the projections aligned for superposition. Figures 

5.15(a) and (b) show the tomographic reconstruction of the top and bottom planes, respectively. 

The second set of results uses the three-layer sample shown in Fig. 5.16. Figure 5.17 shows four 

representative projections. Figures 5.18(a)-(c) show the tomographic reconstructions at the three 

planes of interest. 

The previous experimental results show that multiple planes can be resolved by the STAM 

system. The corresponding image from the SLAM is similar to a single projection shown in Fig. 

5.12 or Fig. 5.17. As can be seen, considerable improvement in resolution is achieved by tomo

graphic processing. We have used only 12 projections in our reconstruction, and it is possible to 

improve the reconstructions by using more projections. The ability to resolve two planes is 

related to the separation between the planes. Planes that are spaced closer together or farther 

away from the detection plane are more difficult to resolve and would require more projections. 
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Fig. 5.10. Block diagram for multiple-angle tomography. 
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Fig. 5.11. Two-layer sample. 
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Fig. 5.12. Four representative projections for the two-layer sample. 
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Fig. 5.13. Projections of Fig. 5.12 back-propagated to top plane and demodulated. 
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Fig. 5.14. Projections of Fig. 5.13 aligned for superposition. 
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(a) 

(b) 

Fig. 5.15. Tomographic reconstruction at (a) top plane, (b) bottom plane. 
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Fig. 5.16. Three-layer sample. 
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Fig. 5.17. Four representative projections for the three-layer sample. 
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(a) (b) 

(c) 

Fig. 5.18. Tomographic reconstruction at (a) top plane, (b) middle plane, 
(c) bottom plane. 
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CHAPTER 6. 

QUANTITATIVE VELOCITY IMAGING 

In this chapter we derive a method to quantitatively image the acoustic velocity parameter 

for simple specimens using the STAM. The ability to obtain quantitative images of acoustic 

parameters is essential for many applications of acoustic microscopy. There have been several 

attempts to obtain velocity information using the SLAM [28,29]. Since the SLAM does not give 

the phase of the detected wavefield directly, these methods use the SLAM in the interference 

mode to obtain the interferogram [30], and the velocity information is obtained from the density 

of the interference fringes. Methods based on the density of interference fringes suffer from lim

ited spatial resolution because of the limited number of interference lines. These methods are 

adequate for the determination of the propagation velocity of a homogeneous sample; however, 

resolution becomes an important consideration when inhomogeneous samples are used. In con

trast the STAM detects the magnitude and phase of the acoustic wavefield directly, thus the 

velocity information can be computed with much higher resolution [58]. 

The velocity imaging method of the STAM is based on extracting the velocity information 

from the phase of the detected wavefield. At the present time, the method is capable of imaging 

simple specimens which have velocity variations only in the azimuthal directions (no variation 

in the depth direction). In order to determine the propagation velocity from the phase, it is 

necessary to know the thickness of the specimen and also to have to a velocity reference region 

where the velocity is known. The velocity reference can simply be a region outside the speci

men that contains only water (the coupling medium). Thus the velocity of the specimen is deter

mined relative to that of the reference medium. 
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The method to extract the velocity from the phase consists of three steps (see Fig. 6.1). The 

first step is to remove the quadrature phase error as described in Chapter 4. The second and most 

computationally expensive step is phase unwrapping. The phase function computed using arc

tangent is discontinuous because of phase wrapping. In order to obtain the correct velocity 

profile, it is necessary to first recover the continuous phase distribution by phase unwrapping 

[49-51]. The 2-D phase unwrapping algorithm we develop is based on Tribolet's I D algorithm 

[52], which seems to be the most practical and robust algorithm available. The third step is to 

obtain the velocity from the unwrapped phase. Given the simple geometry for data acquisition, 

the last step is the least computationally expensive. We first discuss the phase-to-velocity 

transformation assuming the phase already unwrapped in Section 6.1 and then show how to 

unwrap the phase in Section 6.2. Experimental results are shown in Section 6.3. 

Quadrature Detector 
Output 

Phase Correction 

Phase Unwrapping 

Phase-to-Velocity 

Transformation 

Velocity Profile 

Fig. 6.1. Block diagram for velocity imaging. 
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6.1 Phase-to-Velocity Transformation 

Figure 6.2 shows the data acquisition geometry. Region 1 (z < 0) consists of the coupling 

fluid (usually water) between the microscope stage and the specimen. Region 2 (0 < z < z{) con

tains the specimen of known thickness. Notice that part of region 2 is just the coupling fluid, 

which acts as the velocity reference. Region 3 (z > z%) is the microscope coverslip. The acoustic 

wavefield is detected at z = zh The propagation velocities for regions 1 and 2 are Ci and c^(x), 

respectively. The angles 8% and 8 2 are related to Ci and c2 by Snell's Law. The velocity and 

incident angle in region 1, c% and 9i, are assumed known, while c%(x) and 6%(x) are unknown. 

c%(x) is the quantity we wish to image. 

If the plane wave in region 2 is denoted by u(x,z), then we can write 

u(x,z) = u0exp[j27t(fxix + fziz)], (6.1) 

Laser Pickup 

Region 3 x . / 
(coverslip) >v • / 

N / • z-z, 

Region 2 
(specimen) 

Region 1 / 
(water) /@^ 

^ u(x.z) ys 

9M/\ ^(x) 

c 1 

Fig. 6.2. Data acquisition geometry for velocity imaging. 
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where f„ and f̂  are given by 

^ 4 H ^ (62a) 

and f is the acoustic frequency. The wavefield is detected at z = zi and processed by the quadra

ture receiver. After demodulating the complex signal by fyj, the received signal pair become 

v/x) = uo cos(27tfCO
(f^

x) zi) (6.3a) 

vi(x) = u 0 s i n ( 2 n f i ^ ^ z 1 ) . ' (6.3b) 

The phase of the signal is given by 

*(x) = [ 2 7 c f ^ ^ z i W 2 * . (6.4) 

The problem with Eq. (6.4) is that the phase is obtained modulo 2iz, or phase wrapped. The 

unwrapped phase is given by 

W x ) = 2 1 r f ^ l z 1 . (6.5) 

Although Eq. (6.5) contains two unknown quantities, 6%(x) and c%(x), they are related by Snell's 

Law, and it is possible to solve for c%(x) as [59] 

C2(x)= . 27rfZl . (6.6) 
W(x)-(2jcfz1sin91/c1)

2 

The velocity of the unknown specimen is obtained using Eq. (6.6) and offset such that the velo

city in the reference region agrees with the known value. Obtaining Eq. (6.5) from (6.4) is the 

process of phase unwrapping which we discuss next. 
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The 2-D phase unwrapping algorithm we develop is based on the I D algorithm by Tribolet 

[52]. Given a point at x = xo with phase <t>(xo), the unwrapped phase at point x = xrj + Ax is 

estimated as 

4̂ (xo + Ax) = 4»u(xo)+ J ^ ( x ) d x , (6.7) 

where -̂ -<|>(x) is computed by 

^ ( x ) = ^ t a n - l ( ^ ) (6.8) 

_ V«Q0-a^(x) - Vi(x)-̂ -Vr(x) 

v7(xT+v?oo * 

The unwrapped phase at x = xo + Ax is given by 

<J>u(xo + Ax) = <|)(xo + Ax) - 2jmo (6.9) 

where no satisfies 

I $U(XQ + Ax) - (<|)(xo + Ax) - 27tn0) I < threshold. (6.10) 

If no such no exists, then the phase unwrapping from x = xotox = xo + Ax fails. Tribolet's algo

rithm recursively adapts the step size Ax such that the step size is halved each time the unwrap

ping fails. The smaller integration step size computes the integral of Eq. (6.7) more accurately 

but requires a much longer time to unwrap the phase. The unwrapping threshold plays a key role 

in the successful unwrapping process. A larger threshold results in a lower probability of failing 

to unwrap but results in a higher probability of incorrect unwrapping. This balance is very hard 

to achieve with a fixed unwrapping threshold. 
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For 2-D phase unwrapping the direction of unwrapping becomes an extra dimension of 

freedom [59]. Instead of adapting the integration step, we adapt the unwrapping threshold and 

the direction of unwrapping. By adapting the unwrapping direction, the probability of failing is 

reduced by circumventing the difficult-to-unwrap pixels and leaving them for last By adapting 

the unwrapping threshold, the threshold is kept as low as possible to increase the probability of 

correct unwrapping. Figure 6.3 shows the flow chart for the 2-D phase unwrapping algorithm. 

Given a starting location called seed, the neighboring pixels are unwrapped recursively. If the 

number of unwrapped pixels is insufficient, the unwrapping threshold is incremented and the 

immediate neighbors of the boundary pixels of the unwrapped region are unwrapped. All boun

dary pixels unwrapped are saved on a stack. After some boundary pixels are unwrapped, the 

threshold is reset to the original value, and the entire process is repeated using the pixels on the 

stack as seeds. The process ends when a sufficient number of pixels have been unwrapped. 

6.3 Experimental Results 

In this section we show the velocity image for three specimens: Mylar, human skin tissue, 

and rat liver tissue. The thicknesses of the specimens are: 25 urn for Mylar, 250 urn for the liver 

tissue, and 100 um for the skin tissue. All the images shown have been histogram equalized to 

enhance the variations. The cross-sectional velocity graphs are of the original (not histogram 

equalized) velocity images to show the actual velocity profile. We first show the data for the 

Mylar through the different steps of processing. The Mylar sample consists of two sheets of 

Mylar in the lower left-hand comer of the image as illustrated in Fig. 6.4. Figure 6.5(a) shows 

the interferogram image from the SLAM for comparison. Figures 6.5(b) and 6.6(a) show the 

magnitude and phase, respectively, of the received wavefield after quadrature phase correction. 



Push starting point 
onto stack 

Initialize threshold 

For each point on stack, 
unwrap neighbors 
recursively 

Sufficient number of 
pixels unwrapped ? 

Yes 
-*>Exit 

No 

Find points at boundary 
of unwrapped regions 

Increment threshold 

For each boundary point, 
unwrap its immediate 
neighbors, push newly 
unwrapped points on stack 

stack not 
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Fig. 6.3. Flow chart for 2-D phase unwrapping. 



105 

The vertical stripes in Fig. 6.6(a) are due to modulation of the received wavefield and phase 

wrapping. Figure 6.6(b) shows the phase image after demodulation. The sharp boundary in Fig. 

6.6(b) is where phase wrapping occurs. For a specimen that is mostly homogeneous such as the 

Mylar specimen, it is easy to spot visually where the phase wrapping has occurred; however, for 

more complicated specimens, this will be more difficult. Figure 6.7 show the velocity image 

where the darker tone indicates higher velocity. Figure 6.8 is a vertical cross-sectional cut of 

Fig. 6.7 to show the velocity values quantitatively. The difference in velocity between the 

single-layer Mylar and the two-layer Mylar is that the single-layer Mylar region is actually a 

composite region composed of 25 urn water and 25 urn Mylar, thus the computed velocity is 

some value between that of water and Mylar. Figures 6.9 and 6.10 are for the liver specimen. 

Figures 6.9(a) and (b) show the interferogram and velocity images, respectively, and Figs. 

6.10(a) and (b) show the horizontal and vertical cross-sectional cuts, respectively, of Fig. 6.9(b). 

Figures 6.11 and 6.12 are for the skin specimen. Figures 6.11(a) and (b) are the interferogram 

and velocity images, respectively, and Figs. 6.12(a) and (b) show the horizontal and vertical 

cross-sectional cuts, respectively, of Fig. 6.11(b). As can be seen, liver is much more homo

geneous than skin with respect to acoustic velocity. 

Theoretically, there should be no variation in the velocity of the reference medium (region 

outside of the actual specimen). The variation that is seen may be due to any deviations from the 

ideal in the setup of the data acquisition system of Fig. 6.2. One known variation is the curva

ture of the coverslip. The deviation of the coverslip from being ideally planar results in varia

tions in the distance zlf which result in variations of the computed velocity. 
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Fig. 6.4. Diagram of the Mylar sample. 
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(a) (b) 

Fig. 6.5. (a) Interferogram and (b) magnitude image of the Mylar sample. 

(a) (b) 

Fig. 6.6. (a) Phase image and (b) phase image after demodulation. 



108 

Fig. 6.7. Velocity image of the Mylar sample. 

VELOCITY 
2500 

Fig. 6.8. Vertical cross-sectional cut of Fig. 6.7. 



(a) (b) 

Fig. 6.9. (a) Interferogram and (b) velocity image of the liver sample. 
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Fig. 6.10. (a) Horizontal and (b) vertical cross-sectional cuts of Fig. 6.9(b). 



(a) (b) 

Fig. 6.11. (a) Interferogram and (b) velocity image of the skin sample. 
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Fig. 6.12. (a) Horizontal and (b) vertical cross-sectional cuts of Fig. 6.11(b). 
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CHAPTER 7. 

CONCLUSIONS 

With the advent of high-speed and specialized computers, computed imaging has gained 

prominence. This thesis is on the application of signal and image processing techniques to 

address the problems of resolution and noise in the Scanning Laser Acoustic Microscope 

(SLAM). The SLAM was developed for high-resolution, real-time imaging in biomedical tissue 

analysis and nondestructive testing. Because of diffraction and the overlapping of depth planes, 

the SLAM is limited in its ability to image specimens with significant complexity in the depth 

direction. The Scanning Tomographic Acoustic Microscope (STAM) was proposed to overcome 

the limitations of the SLAM through the use of holography and tomography. The major contri

bution of this thesis is the implementation of the STAM which demonstrates feasibility and 

improvement over the SLAM. 

The chief difficulty in going from something on paper to actual implementation is the 

mismatch between the model of the system used in the theory and the actual experimental sys

tem. This mismatch is due to the simplified models used for mathematical tractability and to 

uncertainties in the quantitative measurements. There are two approaches to solving this 

theory-to-implementation problem. The preprocessing approach is to formulate better models 

for the system and to build more accurate measurement equipment. However, better models 

may not be mathematically tractable, and measurement noise is always going to be present The 

second approach is the postprocessing approach, where the mismatch is smoothed out by pro

cessing the experimental data. While all the attention in this thesis is focused on the latter 

approach, it is not to say which approach is preferred. In practice, a hybrid approach is used 

where the best models and equipment are used, but postprocessing is still required. 
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The implementation problems addressed in this thesis fall into two categories: projection 

phase errors and projection registration/alignment Two types of projection phase error are 

identified, and methods for their correction are derived. Projection registration and alignment are 

required due to the rotation of the specimen instead of the transducer in the rotational scan 

method of projection acquisition. The general approach to solving these implementation prob

lems is one of modeling and estimation. The desired quantity is modeled in the projections, and 

a procedure is derived to estimate the quantity reliably from the known data. Finally, experi

mental data are used to verify the results. 

Three sets of experimental data are used to demonstrate tomographic reconstruction. First 

multiple-frequency tomography is implemented with four multiple-frequency projections. It is 

shown that without phase error correction, the reconstruction is severely degraded, while with it 

the tomographic reconstruction shows significant improvement over the SLAM and holographic 

reconstructions. Next, multiple-frequency tomography is implemented with twelve projection 

over a 360° range. Two sets of experimental data are shown: one set for a two-layer specimen 

and another set for a three-layer specimen. The tomographic reconstructions for each layer are 

compared to the SLAM and holographic reconstructions, and significant improvement is demon

strated. 

Another important result in this thesis is the development of a high-resolution quantitative 

velocity imaging method for the STAM. Velocity imaging is equivalent to imaging the phase of 

the detected wavefield, which yields the velocity information given the data acquisition 

geometry. The key step is the development of a 2-D phase unwrapping algorithm which recov

ers the continuous phase profile from the complex wavefield. Besides providing a method for 

quantitative imaging, this algorithm also allows the phase to be used for image interpretation. 



113 

Typically, only the magnitude of the reconstructed image is displayed for analysis, but with the 

development of velocity imaging, the phase of the reconstructed image can also be used for 

interpretation. 

By applying the concepts of holography and tomography, we have extended the capabilities 

of the SLAM, making it a more useful instrument for biomedical tissue analysis and nondestruc

tive testing. 
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APPENDIX A. 

BACK-PROPAGATION AS A PSEUDO-INVERSE OPERATOR 

In this appendix, the back-propagation operator given by Eq. (2.15) is shown to be the 

Moore-Penrose pseudo-inverse of the propagation operation given by Eq. (2.6). Consider the 

propagation operator of Eq. (2.6) to be the mapping 

H:L2-»L?, (A.1) 

where Li is the set of all complex valued functions defined on R 2 with finite energy, and LQ_ is 

the subset of Li nonzero only on 

A = { f : | f | ^ ^ - } . (A.2) 

In particular, for vi(f) e L2, 

(A.3) Hvi(f) = vi(f)exp(j27WlA2-|f|2), 

Define the back-propagation operator as 

Ht:L?-*L2, 

where 

Htv2(f) = 

r 

v2(f)exp(j2itVlA2-|f|2), 

0, 

fe A. 

\t\<\ 
otherwise. 

(A.4) 

(A.5) 

The operator H* is the pseudo-inverse of H if and only if H Ht = P(L%) and Ht H = P(lz), where 

P( L) denotes the projection operator onto the subspace L. An operator His a projection opera

tor if and only if H = H2 = H*, where H* denotes the adjoint of H. The first equality can be 

shown easily by 



(HHt)(HHt) = (HHt) = l 

and 
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(A.6) 

(H+H)(H+H) = (HtH) = 
1, 
0, otherwise. 

(A.7) 

The second equality can be shown as 

<u,HHtv>Ll= J u(HHtv)df (A.8) 

= J uHtHvdf 

= J HHtuvdf 

= <HHtu,v>Z4
B. 

B Thus, H HT is the projection operator for Li. Similarly, one can show 

< Ht H u,v >Ll=< u, Ht H v >£», (A.9) 

which implies Ht H is the projection operator for L^. 
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APPENDIX B. 

GENERAL CASE QUADRATURE PHASE ERROR 

In this appendix, the estimation and correction algorithm are developed for the general case 

where the complex wavefield contains both magnitude and phase error [57]. We start with Eq. 

(4.22) as the given data 

v'r(x) = ( | a(x) | T I Aa(x)/21) cos (2^x + *(x) - A6(x)/2) (B.la) 

v'i(x) = (| a(x) | ± | Aa(x)/21) sin(2%f«x+<|>(x) + A8(x)/2). (B.lb) 

Define 

Aa(x) = | Aa(x) | exp(j<|)(x)). (B.2) 

Then Eq. (B. 1) can be written as 

v%x) = ^-(a(x) ? ^ 1 ) exp(j2itf,ix) exp(-jA8(x)/2) (B.3a) 

+ ^(S(x) ± ^ 1 ) exp(-j2jifxix) exp(jA8(x)/2) 

v'r(x) = ^-(a(x) ± ^ 1 ) exp02refxix) exp(jA8(x)/2) (B.3b) 

- -^-(a(x) ? ^ 5 l ) expH2mf^x) exp(-jA8(x)/2). 

The upper sideband of each signal is given by 

v'*(x) = y(a(x) ? ^ 1 ) exp(j27cfxix) exp(-jA8(x)/2) (B.4a) 

v'Ux) = ^-(a(x) ± ^ 1 ) exp(j27rfrix) exp(jA6(x)/2). (B.4b) 

Define two quantities 

and 
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«W-W <M> 

where the second equation in Eq. (B.5) follows from Eq. (B.2). The ratio z(v*) can be written in 

terms of w(x) as 

z(vO = %*%$ exp(jA8(x)). (B.7) 

We will consider the two cases of Eq. (B.7) separately. 

CASE1: 

z(vO = %**$ exp(jA8(x)). (B.8) 

If 0 < w(x) < 2, then (Subcase (a)) 

A8(x) = t a n - i ( | g ( ^ ] ) (B.9) 

^ ) = 4 # 7 ^ ' (Bio) 
Otherwise, (Subcase (b)) 

A8(x) = t a n - K ^ | | ^ j ) - 7 C (B.ll) 

^)=W|'-1^' (B12) 

CASE 2: 

z(v') = % ; w $ exp(jA8(x)). (B.13) 

If 0 < w(x) < 2, then (Subcase (a)) 

«w-4#?P- (B-15' 
Otherwise, (Subcase (b)) 
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A8(x) = tan-K|jff i$])-7C (B.16) 

^-TO'-f- (B.m 

Since w(x) is real and positive, we see that case 1 corresponds to |z(vO | - 1 > 0 and case 2 

corresponds to |z(vOI - 1 <0. To distinguish between (a) and (b) of each case, we use the 

assumption that A8(x) is in the range [--5-,-y]. Noticing that the expression for ±w(x) is the 

same for cases 1(a) and 2(a) and also the same for cases 1(b) and 2(b), we obtain the following 

estimation algorithm. 

For each position x, 

=M=73& (B18) 

If 8 is in the range [--y.-jl then 

A8(x) = 8 (B.20) 

Otherwise, 

A8(x) = 8-7C (B.22) 

To derive the correction operation, we write 

p' = (a - Aa) cos(<j> - 8) (B.24a) 
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q' = (a + Aa)sin(<j> + 8). (B.24b) 

We wish to obtain the corrected data in the form of 

p = a cos(<J>) 

q=asin((()). 

Rewriting Eq. (B.24), we obtain 

p ' = acos(<t>)cos(8) + asin(4*)sin(8) - Aacos(4>)cos(8) - Aasin(<|>)sin(8) 

q' = asin(<j>)cos(8) + asin(8)cos(<|>) + Aasin(<|0cos(6) + Aasin(8)cos(<|>). 

Substituting p and q into Eq. (B.26), we obtain 

(B.25a) 

(B.25b) 

(B.26a) 

(B.26b) 

p' = Pd - ^-)cos(8) + q(l - ^-)sin(8) 

q' = q d + ~)cos(8) + p(l + ^)s in(8) . 

(B.27a) 

(B.27b) 

Putting Eq. (B.27) in matrix form, we obtain 

where 

1 
"aeT 

(l + A.)cos(8) -d - -^ - ) s in (8 ) 

- d + ^-)sin(8) ( l -A. )cos(8) 

/l 
(B.28) 

det = (l-(^-)2)cos(28). 
a (B.29) 

We obtain Eq. (4.29) by replacing A l by ^ - and 8 by - A i ^ -
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APPENDIX C 

DERIVATION OF EXPRESSIONS 

In this appendix, expressions for E[DU], EIP22], E\pn
2], EfDnDid, and EtD^2] are 

derived. Recall D n and D22 are the diagonal elements of 

D = S R S-HJ + GT S"1 RT S, 

where G is given by Eq. (5.39). Since S R S_1 is given by 

SRS- i = 

D n and D22 are given by 

cos8 Oosin8 

- . # cos8 
Oo 

Dn = 2 (Gn cos8 + oo G21 sinS) 

D22 = 2 ( - - ~ s i n 8 + G22 cos8), 

where G n , G12, G21, and G22 are elements of the matrix G given by 

G = Tf 
(Oil - Mqi)(dii - Mdi) (qji - Hqi)(da - u^) 
(qi2-Uqz)(d,i-Udi) (qi2-P42)(da-rW 

(CI) 

(C.2) 

(C.3a) 

(C.3b) 

(C.4) 

In the notation above, qn and q^ are elements of the vector %, with d;, u^, and m similarly 

defined. Using the assumptions on the noise 

E[nu=E[nH = 0 

£[ninj
T] = £[ni'nj'

r] = 
rL 

0, 
1=J 

i * j 

(C.5a) 

(C.5b) 

for all i, j = 1,2,...,N, we obtain 
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£[Di1] = £[D22l=0 (C6a) 

£[DiiD22] = 0 (C.6b) 

EFDii2] = ^ . (cos2* + Oo^in2* +1) (C.6c) 

[ ao cos2* + 2boOosin*cos* + cousin2*] 

^[Dzz2] = - ^ (cos2* + -^-sin2* +1) (C.6d) 

•[-^y sin2* - ~-sin*cos* + CQCOS2*] 

where ao, bo, and Co are given by 

^ = | [ (qii" Ki)2 - TT J $ (%i - ^i)(qji - Hi) (C.7a) 

bo = | j (qii - Hi)(qi2 - Ma) - - ^ ^ (qii - Hi)(qj2 - H2) (C.7b) 

C0 = ̂ ( q i 2 - | i 2 ) 2 - - ^ ^ ( q ! 2 - H 2 ) ( q j 2 - H 2 ) . (C.7c) 
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